''TABA V

MATEMATNYECKAA CTATUCTUKA

§ 16. OcHOBHBIE BHIOOPOYHBbIE XapPaKTEPUCTUKU

16.1. OcHoOBHBIE ITOHSITHUA. Mamemamuueckas cmamucmuxa —
HayKa O MaTEeMaTUYECKUX METOJaX, MO3BOJISIONNX IO CTATHCTAIECKUM
JAaHHbIM, HAIIPUMED 110 Peaiu3alddaM CJ1y 4aiHoi BeJIM4uHbL (CB), OCTPO-
UTh TEOPETUKO-BEPOSTHOCTHYIO MOJIEJIb UCCJIEYEMOrO SIBJCHUs. 3a/Ia9u
MaTeMaTHIeCKON CTATUCTUKY SBJIAIOTCS, B HEKOTOPOM CMBIC/Ie, OOpaTHBI-
MU K 3aJladaM TeopuH BeposTHocTeil. [leHTpaJbHbIM MOHATAEM MaTeMa-
TUIECKOW CTATHCTUKU SIBJISETCA BBIOODKA.

Onpenmenenme 16.1.  Odnopodnoti ewbopkot, (ewbopkol) obse-

Mma n Tupu n > 1 Ha3pIBaeTCd CIyJalHBI BEKTOp Z, 2 col(Xy,. ..

., X,,) , KoMnoHenTh KoToporo X;, i = 1,n , Ha3bIBAEMbIE IAEMENTNAMU
evibopku, aBisoTCa HesapucuMbiMu CB ¢ oot u Toit Ke dyHKIMEH pac-
npexpenernsi F(z). Bynem rogopurs, uro BeIGOpKA Z,, coomseemcmsyem
dbyukuun pacnpenenenns F(z).

Onpenenenune 16.2. Peaarusayueli 6vb60pku HA3BIBAETCS HECIY-

JaifiHBI BEKTOD 2, 2 col(z1,...,%,), KOMIOHEHTAME KOTOPOTO SBJISIIOTCS
PeaI3aIiy COOTBETCTBYIOMIX 3TeMeHTOB BEIbopKH X;, 1= 1,n.

W3 ompenemennit 16.1 u 16.2 BbITEKAET, 9TO peaU3aNUI0 BLIOOPDKH Zp,
MOXKHO TaKKe PAacCMaTPUBATh KaK MOCAEJOBATENBHOCTD X1, ... ,Ly U3 T
peanusaruit ogmoit m Toit ke CB X , mosy4eHHBIX B CepUU M3 7. HE3a-
BUCHMBIX OJUHAKOBBIX OIBITOB, TPOBOAUMBIX B OJMHAKOBBIX YCJIOBUSIX.
[TosTroMy MOXKHO rOBOPUTH, YTO BbIOOPKA Z, MOopodtcdena Habaodaemoti

CB X, umetoweit pacupeaenenue Fx(x) = F(z).

Onpenmenenue 16.3. Ecaum KOMIOHEHTHI BeKTOpa Z,, HE3aBHCHMEI,
HO wx pacnpezenerus Fy(xy),...,F,(z,) pasamdrsr, To TaKy BEIGOPKY
Ha3bIBAIOT He00HOPodHo.

Onpenemenune 16.4. MuoxectBo S Bcex peanum3anuil BBIOOD-
KU Z, HA3bIBAETCS GblHOPOUHbBLM NPOCTPAHCTNEOM.

Bei60pouHOE TPOCTPAHCTBO MOXKET OBITH BCEM N -MEPHBIM €BKJIHIO-
BBIM mpocTpaHcTBoM IR"™ mmm ero wacteio, ecim CB X menpepbisHa, a
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TAK>Ke MOXKET COCTOATH U3 KOHEYHOrO MU CIETHOTO 9uciaa Todek u3 R™
ectu CB X jmckperHa.
Ha npakTuke npu ucciieJoBaHUA KOHKPETHOTO IKCIIEPUMEHTA PACIIPe-

nmenennst Fy(z1),...,F,(z,) CB Xi,...,X, DeIko OGBIBAIOT M3BECTHBI
HOMHOCTBIO0. JacTo anpropu (o OmbITa) MOXKHO JIMIIb YTBEPXKJIATh, UTO
pacupenenenue Fyz (z,) = Fi(x1) - ...  Fp(z,) cayvaitnoro Bekropa Z,

IPUHAJJIEXKAT HEKOTOPOMY Kiaccy (cemeiictBy) F .

Onpenenenue 16.5. Ilapa (S,F) HasblBaeTcd cmarmucmu4eckol
MO0EABIO OLUCAHUSI CEPUM OIIbITOB, OPOXKIAIIIUX BbIOOPKY Z, -

Onpenenenne 16.6. Ecam pacnpenenenns Fy (z,,0) n3 kiac-
ca JF ompeneseHbl C TOYHOCTHIO JO HEKOTOPOTO BEKTOPHOTO MapaMeTpa
0 € © C R®, To Takast CTaTHECTHYIECKAsA MOJEIh HA3BIBAETCS NAPAMEMPU-
weckotli m obosnagaerca (Sg, Fz, (zn,0)), 6 € © CIR®.

B mekoTOpBIX Cydasax BEIOOPOYHOE IPOCTPAHCTBO MOXKET HE 3aBUCETH
OT Hem3BeCTHOro mapamerpa f pacnpenenenuss Fy (z,,0).

B zaBucumocru or BHja CTATUCTUYECKON MOJ€NM B MaTeMaTHYeCKOi
cTaTuCTUKe (POPMYJIAPYIOTCS COOTBETCTBYIOIIUE 3aJadu M0 00paboTKe
nadOpMaIun, coepKaIIeiics B BHIOOPKE.

A
Onpemenenme 16.7. CB Z = p(Z,), tne ¢(z,) — npoussonbHas
dbynKIuA, onpeneIeHHasd Ha BLIOOPOYHOM IPOCTPAHCTBE S M HE 3aBHCH-
wag or pacupejeienus Fy (zn,0), HasbiBaercs cmarnucmukod.

16.2. BapuarnmoHHbIi ps.

Onpenenenune 16.8. YnopsigmodanM 3jIeMEHTHI PEAJTU3AMAN BHIOOD-
KO &1,...,&, 1o Bospacrammio: z(P) < () < ... < 2™ | pue Bepxuuit
WHJEKC COOTBETCTBYET HOMEPY 3JIEMEHTa B YHOPSIOYEHHON MOCIeI0Ba-
resibroct. O6oszuaunm depes XK | k = T n, cayuaiiubie Bejudussb,
KOTOPbIE DU KaXKJI0H peau3alyu z, BBIOOPKU Z, UpuHUMAIOT k-e (1o
Bepxuemy Homepy) suasenust ¢(*) . Viopsimouennyio nocie10BaTebHOCT
CB XU < ... < X™ paspiBaior sapuayuonism padom eubopku.

Oupenenenue 16.9. Duemenrsr X ¥) sapuanmonnoro psisa nasbi-
BAIOTCA  NOPAJKOSLIMU CMAMUCTNMUKAMY, 8 KPalHIE WIeHbl BapUAINOH-

soro paga XM | X — skempemanvrvimu nopadkossimu cmamucmu-
KaMU.

Hanpuwmep, aast k =1 dyukums ¢(2,) s crarucrukn X (D = ¢(Z,)
olpeJiesIgeTcs CIeLYIOMEIM 06pPa3oM:

@(zp) =min{ax: k=T n}.

Ecan onropopnast BBIGOpKa Z,, COOTBETCTByeT pacupenenennto F(z),
to k-1 mopsiakosasi crarmcraka X (F) mmeer caemyromyo ¢yHKIuo
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pacupejesieHud:
Fy(w) =P{X® <a} = 3 CLF (@)]'[1 = F(2)]"™"
i=k

B gactaoctu, njia k=1 u k = n umeem
Foy(z)=1-[1-F(@)]",  Fu)(z)=[F()"

Ecin dynkuus pacnpenenennss F(z) mmeer nuornocts f(x), To mopsia-
koBasi cTaructika X (F) mMeeT ClIeyioNIyio MIOTHOCTH PACIIPE e TeHIS:

fir (@) = gyt P @7 - F@P £ (@),

Onpemenenue 16.10. Iopankosas crarucruka X ("P1T1) ¢ mome-
poMm [np] + 1, rme [-] — mesnast 9acTh UMCIA, HA3BIBAETCH  6bL00POUHOT
KEAHMUADIO YPOSHA D .

Ecnu B HEKOTOPOi OKPECTHOCTH TOUKH &, INIOTHOCTL PaCIpeIeIeHns
f(z) CB X mHenpepbiBHA BMecCTe C €8 TPOM3BONHONW W, KPOME TOrO,
f(zp) >0, TO

2
(X([np]+1) _ xp) /Z(fli(—x;; i} U npu n — 00,

rne CB U wuwmeer pacnpenenenne N(0;1). Taknm o6pasom, npu Gosb-
MEX 7 MOXKHO CIATATH, 9TO BbIOOpouHasi KBaHTHIb X ("PIT1) 6imska
K T,, i, Gojee Toro, pacnpegenenne crarucrukn X ("PIFD yvoxer GriTh

AIIIPOKCUMHUPOBAHO HOPMaJIbHBIM pacHpeaeieHueM Tp; —F7—~ |-

nf?(zp)

16.3. BoiGopouHasi GyHKINS pacipeaeeHuns.

[IycTb cepus w3 n uUCOBITAHUN TPOBOAUTCS MO cxeMe BepHym, T.e.
HCOBITAHUS] TPOBOISITCA HE3ABUCUMO JIPYT OT JIPyTa U HEKOTOPOEe COObITHE
A Tpu KaXKIOM WCIBITAHAN MOSBJISETCS C OJHOM U TOM K€ BepOATHOCTHIO

D 2 P(A). Iycre M, (A) — ciayuaitnoe ducio nosisienuii cobbitusg A B

aroit cepun, a W, (A) 2 M, (A)/n — gacroTa cobeituss A B cepuu U3 n

HUCIBbITAHUI.
Paccmorpum  BBIGODKY Z,, mopoxaenunyio CB X ¢ dynknueit

pacnpenenernss Fx(z). OnpenenuM Juist KakKaoro x € R! coberrue

A
A, = {X < z}, nma xoroporo P(A;) = Fx(z). Torma M,(A;) —
cllydaiiHoe YHCIO 3JeMEHTOB BLIOOPKU Z, , He IPEBOCXOAMIIIX T .
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Onpenmenenme 16.11. Yacrora W,(A,) cobbrrns A, , kak hyHK-
mng z € R', maseaerca ewbopounots (smnupuueckot)) dynxyuets pac-
npedesenuss CB X u obosnagaercs

=~ A
F,(x) = W, (As).

Jlns kaxkgoro ¢ukcuposannoro z € R! CB F,(z) aBnserca

CTATHCTHUKOMN, peasn3anuaMu KOTopoii aeastorea aucaa 0, 1/n, 2/n, ...
., n/n, u upm sTOM

P{ () = S} — P{M,(A,) =k}, k=T

Jlrobas peanmsanmuss F,(x) Beibopounoit dynkuun Fy,(z) sBasercs cry-
meHYIaTol PyHKIHUEH, XapaKTepHbIil BUI KOTOPOil MOKa3aH Ha puc. 16.1.
B roukax (M) < ... < z(® , TIe z®) — peajn3zalusd HOPAIKOBOI CTaTH-
cruku X (F) | dynkuua F, () nmeer ckavakn BeamauHo# 1/n u siBsiercs
HEIIPEpPbIBHOU CIIpaBa.

AE®

2/n+-- —
1/n 3

> | ; :
1 2) 3) (n)
x< ) O x e n

=
=
=V

Puc. 16.1

CeoiicTBa Fy(z)

1) M {F\n(x)} = F(z), qna moboro = € R' u moboro n > 1;

2) sup ﬁn(x)—F(x)‘ 225 0 npu n — oo

zE]Rl
3) M [(ﬁn@)_m)f] () & FRUEE) L

~ F

4) (Fn(a:) - F(m))/ Vdn(z) —— U npn n — 0o, tne CB U nmeer
pacnpenenerne N(0;1).

[lepBBle 1Ba CBOMCTBA CBHIETENBCTBYIOT O TOM, 9TO IPH YBEJUICHUN
9UCca M WCHBITAHUI TPOUCXOMUT cOMMKEHne BHIOOPOIHOM (DyHKIIMHU pac-
npexenenns: Fp(z) ¢ dynknueit pacupenenennst F(x) CB X . Ilocrenune
JIBa CBOMCTBA MO3BOJIAIOT OIEHUTH CKOPOCTH ITOrO COJIMKEHUS B 3aBUCHU-
MocTH OT o6beMa 7 BBIOODKH Z, . YTBepXKJeHHe 2) Ha3bIBaeTCs meo-
pemoti [ausenrxo—Kanmenasu, a yrBepxkienue 4) sBisgercsd CJIeicTBAEM
meopemo, Myaspa—Jlanaaca.
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16.4. 'ucrorpamma. Paccmorpum mpornemaypy epynnuposxy BIOOD-
ki, Jlyis sToro meiicrsurenpuyio ock IR = (—00,00) pasmennm ToukaMm
ag, ... a1 Ha |+ 1 Hemepecekarommiicss momynHTepBad (paspad) Ay =
= [o,apy1), k = 0,1, Takum obpasom, 4T0 —00 = ap < a1 <
<o <oy =400, ap < z@ , ap = z(™ . O6prano JITHHA pa3psaoB

Ay, k=1,1l — 1, Beibupaercsa oauHa-

Tabauna 16.1 KOBOIi, T. €. paBHOU hy, 2 (g —ay)/(l—

[, a2) | -+ | [ou_1, ) — 1). Ucnomp3ys peannsanuio Bapu-
B ﬁ ammonnoro pama (M) < ... < z(")
! i It Kaxkaoro k-ro paspana Ay, k=

=1, — 1, BBIYACINM 9aCTOTY MOMAIa-
HHUS JIEMEHTOB PEeAJU3AIUH BBHIOOPKH
B 3ror pas3psu. llonyuaem Dy, 2 ng/M, TAE N — YACIO SJIEMEHTOB
peanu3anuu BBIOODKH 2, , TONABIIUX B k-it paspan. Ecin paccmorperhb
anpuoOPHYIO BBIOOPKY Z,, © CiaydaiitHoe dmciio N SJIeMEHTOB 3TOH BbI-
60pKH, mOMABIIKX B k -il pa3ps, TO MOIyInM HaOOP CIYyIalHBIX BETAIHH

Pk = Ni/n.

Onpenenenue 16.12. IlocnemoBarenbrocts map (Ag,pr), k =
= 1,1 — 1, Ha3bIBaeTCI CMAMUCTNUYECKUM PAJOM, & €TI0 Ppean3alusd
(Ag,Dg), k=1,1 -1, npencrasusiercss B Buze tabu. 16.1.

N306pas3umM rpaduyecku CTATHCTHIECKUNA P/

Onpenenenune 16.13. Ha ocu Oz oriokum pa3psibl U HA HUX,
KaK HA OCHOBAaHWW, IIOCTPOUM MNPSIMOYTOJbHUKHA C BBICOTOU, pPaBHOMN
Dp/hk, k= 1,1—1. Torma miomaas KaxkJoro IpsMOYTOJIbHUKa Oyer
pasHa Py, . [losnydennas durypa zasbiBaercs cmoabyoeot duaepammot, a
KycouHo nocrosinnas dynxiust f, (), 06pazoBaHHas BEPXHAME IPAHAME
HOJIyYeHHBIX TPSMOYTOIBHAKOB, — 2ucmozpammoti (puc. 16.2).

A 7”()()

Puc. 16.2

IIpu sTom monarator f,(z) =0 mis Beex ¢ < a1 B T > q;, TAK KAK
ng=0wun =0.

ITycrs mnoTHOCTH pacupenenenusi f() HenpepblBHA W OrDaHWYeHA,
a KOIUYeCTBO PaspanoB l, + 1 3aBucuT oT o6beMa 71 BBIOOPKH TaKUM
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obpazom, aro l, — 00, HO npu srom n/l, — oo (HampuUMep, MOXKHO
BeIOparh [, = ¢; + colnn, rme c¢;, ¢ — HEKOTOPBIE IOJOXKUTEIbHBIE

KoHCTaHTHl). Torma BEIGOPOYHAS IOTHOCTH pacupepenenns fn(zr), pea-
JM3AMAAMEA KOTOPOil CIIy?KaT TUCTOrpaMMbl [, (), CXOq@UTCa 1o BepodaT-

Hocru K wiorHoctu f(z) mabmomaemoi CB, . e. fn(m) r, f(z) upm

n — oo mus moboro z € R . Takum 06pasoM, 1Py LOCTATOUHO «MEJIKOM»
pasbueHun oTpesKa [ay, ;] U npu 60abIIOM 00beMe BHIGOPKH 7. BBICOTHI
[IOCTPOEHHBIX IIPSIMOYT'OJIbHUKOB MOXKHO [IPUHUMATh B KadecTBe npudJiu-
JKEHHBIX 3HaUYeHMH 1IoTHOCTH f () B CpEIHUX TOYKAX COOTBETCTBYIOMIUX
WHTePBAJIOB. V3 5TOTO clleiyeT, 9To rucTorpaMMy MOYXKHO PAaCCMaTPHUBATD
KaK CTATHUCTHYECKHI aHaJol IUIOTHOCTH paclpejieiennsi HabJIogaeMoin
CB X. Ucnonb3ysi rECTOTpaMMy, HEU3BECTHYIO ILIOTHOCTH MOXKHO all-
[IPOKCUMMPOBATH KyCOYHO NOCTOsAHHON (byHKiueii. Ho uz maremaruyecko-
ro aHAJN3a U3BECTHO, U4TO eciu (PYHKIWS ABIAETCA JOCTATOIHO TIIAJKOM,
TO KYCOYHO JIMHEWHas allllPOKCUMAallUsi OKA3bIBAETCsl, KAK [IPABUJIO, JIy Yllle
KYyCOYHO IIOCTOSAHHON.

Onpenenenne 16.14. Criia>keHHYIO rEUCTOrPAMMy B BUJE JIOMAaH-
HOM, y KOTOpOil IpAMBIe JUHUU IOCIEI0BATEIbHO COEIUHSAIOT CepeIUHBI
BEPXHUX T'paHell MPSMOYTOJBHAKOB, 00Pa3yoIiX CTOJOIOBYIO IAArpaM-
My, Ha3bIBAIOT NOAUZOHOM “ACTOM.

16.5. BoiGopouHble MoOMeHTBI. IlycTth mmeerca BbIOOpKa 4, =
= col(Xy,...,X,), koropas nopoxzaena CB X c¢ dbyukuuneit pacnpese-
aenus Fx(x).

Onpenemenune 16.15. g Beibopku Z, obbeMa m 66l60pO4HbBLMU

HAYAALHBLMU T UEHMPAAOHBIMY MoMermamu nopsdrxa r CB X HasbiBa-
forca cienytomue CB:

ar(”) é (Xk:)r7 r= 1727"' ;

S|
M=

ES
Il
-

(Xr —v1(n))", r=2,3,...

)
3
2

1>
3=
(]

k=1

Onpenenenue 16.16. Bubopourvim cpednhum u 66i60pouHot duc-
nepcueti CB X Ha3bIBaroTCS COOTBETCTBEHHO
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B nmanbreiiiem Mbr 6yeM MCIOIB30BATH COKPAIIEHHBIE 0003HATEHUST
oA ~ A~
mx = mx(n), dx = dx(n), ecanm 3ro He OyJeT NPUBOANTH K ITyTAHWUIIE.

IlycTth mmeercs Takzke Bulbopka Vi, 2 col(Ys,...,Y,), mopoxnennas
CB Y c¢ dynkuwueii pacupenenenns Fy (y).

Onpenenenune 16.17. Bubopounvim K0dhHuuueHmom Koppeasyul
CB X u Y mnassBator

S (X — i) (Vi — i)
k=1

?XY ==
nv dxdy

IlIycrs cymiecTByIOT MCCile/lyeMble MOMEHTHI V., [, . 1Orja cipases-
JIUBBI CJIEAYIOIMe CBOHRCTBA.

1>

CpolicTBa BEHIOGOPOYHBEIX MOMEHTOB My

M [7r(n)] = v, mns moboro n > 1 w mua Bcex r=1,2,...;

[x] = dx/n, tae dx 2 D[X];

n—1

o

)
)
3) fir(n) 2, upu n— 0o s Beex T =2,3,...;
)
)

dx;

6) (mx —mX)/\/dX/n SN, npu n — oo, rae CB U nmeer
pacnpenenerne N(0;1);

7) (C/Z\)(*dx>/\/(1/4fl/§)/n N, opu n — oo, rge CB U

nmeer pacnpenenenne N(0;1).

Bropoe u Tperbe cBoiicTBa yKa3blBalOT, U4TO C yBejudeHueM 00bema
BBIOOPKH BBIOOPOYHBIE MOMEHTEI OYAyT CKOJIb YIOAHO OJM3KH K COOTBET-
CTByIOH_I‘I/IM TEOPpEeTUIeCKUM MOMEHTAM. HpI/IMep HaXO0XK/IeHU A O6'beMa BbI-
OOpKH, TapaHTHPYIOMEr0o B OMPEAETIEHHOM CMBIC/IE OJIM30CTh BEIOOPOIHOM
XapaKTePUCTUKHA K ee NCTUHHOMY 3HaYeHMIO, IpuBeleH B § 23.

VI3 mepBoro CBOMCTBa BBITEKAET, YTO MaTeMaTHIECKHe OXKHUIAHUI
(MO) BBIGOPOYHBIX HAYAIHHBIX MOMEHTOB COBIIAJAIOT C COOTBETCTBYIO-
MAMHA 3HAYeHHAME HadaJabHbIX MomeHTOB CB X, T.e. B aTOM CcMBICTE
06J1aJafoT CBOMCTBOM «HecMermmeHHocTr». A MO BBIGOPOUYHOI Aucepcum

dx wue cosmajsaer ¢ jgucnepcueit dy CB X, 1.e. B a3rom cmbicie CB
dx ABISETCS «CMEIEHHO» BEIOOpOUIHO XapakTepucTukoit dy . [loaTomy

9acTo BMeCTO dy HCHONb3YIOT «UCTPAGAEHHY0» BHIDOPOYHYIO JIUCIIEPCHIO
~ A n 5 . ~
SX = — dx , nog xoropoit M [sx] =dx .

n—
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16.6. Tumnosbie 3ajja4u.

SBamgada 16.1. B MeTeoposornu IpuHATO XapaKTePU30BaTh TeMIIEPa-
Typy MeCsla ee CPeJHHM 3HadeHWeM (CpemHee 3HAYEHHE TEMIEPATYpPBI
MecsIa paBHO CyMMe TeMIlepaTyp BceX JHell TaHHOTO Mecsla, JeJIeHHOM
Ha 9uCio mHel B 3TOM Mecane). B Tabn. 16.2 mpuBeneHbl 3HAYEHWS
cpenHeit Temmeparypbl saBapsa B I. Caparose u r. AsaTbipe.

Tabauma 16.2

Ton, 1891 1892 1893 1894 1895 1896 1897
Caparos | —19,2 | —14,8 | —19,6 | —11,1 | —9,4 | —16,9 | —13,7
Asnareps | —21,8 | —154 | —208 | —11,3 | —11,6 | —19,2 | —13,0
T'on 1899 1911 1912 1913 1914 1915
CaparoB —-49 | =139 | —-94 -8,3 -7,9 -5,3
Amareips | —7,4 | —15,1 | —144 | —11,1 | —10,5 | —7,2

TpebyeTcsi 10 JAHHBIM PeATN3anusaM HalTh: @) BRIGOPOIHOE CPeHEe
7 BBIDOPOYHYIO JUCHEPCHUIO CPeIHEN TeMmepaTypsl saBaps B I. CapatoBe
n 1. Anareipe; 6) BeiGopouHBIH K03 dUIMEHT KOppensinum CpeaHeit
Temueparypsl daBaps B I. CaparoBe u cpejHeil TeMieparypbl dHBaps B
r. Amarsipe.

Pemenne. Ilyctb CB X — cpenaas TeMmmepaTrypa sHBaps B
r. Caparose, a CB Y — cpennsis Temmeparypa sHBapsi B . AJjaTbipe.
B Tabmnume npusemena peanu3amusd &y,...,&13 BboOoprm Xi,...,Xi3,
nopoxaeruoit CB X, u peamusanus yi,...,y13 BbIOOpKH Y7p,...,Y7s,
nopoxaernoii CB Y. Bwi6opounoe cpemmee myxy CB X nna mammoit
peanmsanuu i, ...,T13 PABHO

1 13
Mix = — S a; ~—11,87,

13 =

a BoIbopouHOEe cpennee my CB Y pasuO

1 13
My = 5>y~ 13,75,
i=1

Bei6opounast qucnepcust dx CB X s namvoil peammsamum (21, . ..
. ,%13) DaBHa

N 13
dx = =3 (2 — (~11,87))° ~ 22,14,

13 i=1

a BBIOOPOYHAA UCIEPCHU (/Z\y CB Y pasua
2 ;13
Y =
13 bt

(i — (—13,75))° ~ 20,09.
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Bribopounsrtit koadpdunment koppessitmu CB X un Y :

f: (zi = (=11,87)) (yi — (=13,75))

Txy = = ~0,95.
XY 13./22,14,/20,09 ’

OTser. mx~ 11,87, iy ~ 13,75, dx ~22,14, dy ~20,09, Fxy ~
~0,95.

Samadga 16.2. B 1889-1890 rr. 6611 m3meper poct 1000 B3pociabrx
MyzkuanH (paboumx MockoBcKux (abpuk). Pesymsrarsr m3mepennii npes-
crasiensl B Taba. 16.3 (mammsie B3aTer u3 [10]). Ilo nmeromummces mabo-
JeHnsIM TpebyeTcs MOCTPOUTH THCTOPAMMY.

Tabauma 16.3

pocr [cM] 143-146 | 146-149 | 149-152 | 152-155 | 155-158

GUCIIO MY2XKYIUH 1 2 8 26 65

pocr [cM] 158-161 | 161-164 | 164-167 | 167-170 | 170-173

GUCIIO MY2XKYIUH 120 180 201 170 120

pocr [cM] 173-176 | 176-179 | 179-182 | 182-185 | 185-188

GUCIIO MY2XKYIUH 64 28 10 3 1

Pemenue. Ilyctre CB X — pocr B3pocimoro myxumubl. Torma

MpUBEeIeHHAsT TabJIUIA COMEPXKUT peann3anuio BuIOOpKH X1, ..., X1000,

nopoxaernoir CB X.

B pamHOil 33made rpynnupoBKa BBIOOPKH y2Ke MPOBEIEHA: JelCTBU-
tenpHas och R! pasmenena ma 17 momyunTepsanos Ay, k = 0,16, e
Ay = (—00,143), Ay = [188,+00), a ocranpuble 15 TOIyMHTEPBAIOB
HAMEIOT OMHAKOBYI0 JymHy h = 3. Bo BTOpOii cTpOKe TabJIuIbl TPUBETEHBI
quciia ng, k = 1,15, paBHbIE KOJTUIECTBY HIEMEHTOB BHIOOPKU, MTOMABIITAX
B k-ii paspsa. Beramenmm wactory nonagarus B k-it nomyuaTEpBad, k =
=1,15: p, = ng/1000, u HOCTPOUM peaJIUZAIMIO CTATUCTUYECKOTO PHAIA
(cm. Tabi. 16.4).

Tabauna 16.4

Ap | 143-146 | 146-149 | 149-152 | 152-155 | 155-158
P. | 0,0003 | 0,0006 0,002 0,008 0,022

Ay | 158-161 | 161-164 | 164-167 | 167-170 | 170-173

Pr 0,04 0,06 0,067 0,057 0,04
Ay | 173-176 | 176-179 | 179-182 | 182-185 | 185188
Pr 0,021 0,009 0,003 0,001 0,0003

Teneps va ocu OX ornoxkum paspsaabl Ag, k= 1,15, n Ha HuX, KaK Ha
OCHOBaHUH, IOCTPOMM MPAMOYIOJBHUKHA BbicoTOU Dy, (puc. 16.3).
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0,067

Puc. 16.3

§ 17. OcHoBHBIE pacnpege/ieHUs B CTATUCTUKE

17.1. Pacupeneienne xu-KBaJapar.

Onpenmenenne 17.1. Ilycts U, k = 1,n, Habop w3 n
He3aBUCHMBIX HOpMaJbHO pacnpenenenabix CB, U, ~ N(0; 1) . Torga CB

X, 23 U2
k=1

umeer pacnpedeaerue ru-xeadpam (x-pacnpedesenue) ¢ n cmenensmu
c60600bl, 9TO 0bO3HATAETCA KaK X, ~ x2(n).

CeoiicTBa pacnpejenenuns Xu-Kkpaapat x2(n)

1) CB X,, uMeer Clefyonyo MIOTHOCTh PACIPEIEICHNSI:

1
= pn/2)=1,—z/2
f(z,n) ={ 2072T(n/2) * e”%%, x>0,
0, =<0,
+o0

1>

rme I'(m)

J y" te Vdy — ramma-pysknus. I'padbuxn dymkmmii
0

f(z,n) (pmc. 17.1), maseiBaembre wpusvimu ITupcona, ACAMMETPUIHBI 1
Ha4MHASL C N > 2 MMEIOT OJUH MAKCHUMyM B TOYKE T = n — 2.

2) Xapakrepucrnueckas dynkmua CB X, nmeer Bug

+o0
g(t,n) = J- e f(x,n)de = (1 — 2t) /2,

— 00

11 Kub3yn A.U. u ap.
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3) CB X,, ~ x%(n) umeer cieyomume MOMEHTHI:
M[X,] = n, D[X,] = 2n.

4) Cymma moboro uucima m HesaBucumbix CB Xi, k& = 1,m,
MMEMIIUX PACIPEIEJEeHUE XU-KBaJIPaT C Nj CTEleHsMU CBOOO/bI, UMeeT

m
A
pacupezesieHne Xu-KBaIpaT C 1L = Z Nk CTENEeHSMU CBOOOJILI.
k=1

Puc. 17.1

5) Pacnpenesnenne xm-kBagpar o6JagaeT CBOACTBOM aCUMNMOMUYE-
CKOT HOPMANBHOCTIU

MLU npu n — 00
V2n ’

rne CB U wumeer pacnpenenenne N(0;1). DTo o3HadaeT, 9TO HpU
JOCTaTOIHO OOJIBITOM 00beMe 7t BHIOOPKH MOXKHO IPHOJMKEHHO CIATATD
X, ~ N(n;2n). ®akTudecKn 3Ta ANIPOKCUMALNS UMeET MeCTO yKe IPH
n > 30.

IIpumep 17.1. IlpuBemem mpumep, B KOTOPOM BO3HHUKAET pacCIIpe-
JeleHne Xu-KBagpatT. IlycTs BeIOOpKa Z, COOTBETCTBYET HOPMAJIbLHOMY
pacnpeziesenuio N(m;o?). PaccMOTpEM BBIGOPOUIHYTO JAHCTIEPCHIO

~ 12 =R 9
dX:EZ(Xk_mX> )
k=1
~ A~
rae my — Bbibopounoe cpexanee. Torma CB Y, =ndx / o2 wumeer

pacnpeziesenue x2(n — 1) u we 3aBucuT or My .

17.2. Pacupenenenne CrbiogeHTa.
Onpenmenenune 17.2. Ilycte U u X,, — HesaBucumbie CB, U ~
~ N(0;1), X, ~ x%(n). Torna CB T, 2 U/\/Xn/n umeer pacnpede-

aenue Cmwvrodenma ¢ n cmenenamu c60600bl, 9T0 0003HAYAIOT KaK 1y, ~

~S(n).
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CroticrBa pacupenenenns Croomenra S(n)

1) CB T,, mMeeT mIOTHOCTH PACTIPEIEICHAS

F(t,n) = \/l;—T() <1+g>_$.

Ppadukn minorrocreit f(t,n) (puc. 17.2), HA3BIBaEMBIE KPUBHLLMU

Cmwrodenma, ciMMeTpUdIHBI Opu Bcex m = 1,2,... OTHOCHTEJHHO OCH
OpAuHAT.
M )
n=
04+ o

031
021

0,11

1ol x

Puc. 17.2

2) CB T, mmeer MO, pasmoe M[T,] = 0 mna Bcex n > 2, m
mucnepcntoo D[T,,] = n/(n — 2) nupu n > 2. IIpn n = 2 aucnepcus
DI[T,] = +.

3) Ilpu n = 1 pacupenenenne CTHIOIEHTA COBIANAET C PacnpedescHu-
em Kowu, 0I0THOCTH KOTOPOrO paBHA

1 1
ml4t2°

f(tvl) =

Ho, kak wm3BecTHO, maremarmyeckoe oxkujanwe u jgucnepcusi CB T,
uMeromeil pacrnpenenenne Komm, He CymecTBYIOT, TaK KaK OeCKOHeIeH
npeaes

lim I(a) = 400,

a—r o0

17t
- J dt.
™) 241
0
4) MoKHO NOKa3aTh, 9TO PN N — 00 pacupeaesnenne S (n) acumiTo-

1>

rne I(a)

TUYECKU HOPMAaJIbHO, T.e. T}, L U, rne CB U umeer pacupejeienue
N(0;1). Ilpu n > 30 pacupexenenne CrbionenTa S (n) IpakTHYECKH He
ornmuaaercs or N(0;1).

[Ipumep 17.2. IlpuBemem mpumep, B KOTOPOM BCTPEUAETCS PACIIPE-
nenenane Croiomenta. Ilycth BbIOOpKAa Z, COOTBETCTBYET HOPMAJILHOMY

pactpenesnennio N(m;o?). [lycts my — BbIGOpodHOE cpennee, a dx —

11%*
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BbiOOpoyYHast auciepcusi. Torna CB

T, = n—1mx_m
Vidx

nmeer pacnpenenenne Croiogenta S (n —1).

17.3. Pacnpeneinenne ®Purepa.
Onpenenenune 17.3. Ilycrs mesaBucumbie CB X,, u X, mmeror
pacipejiesieHus XA-KBaJIpaT COOTBETCTBEHHO C 1 U M CTEIEeHsSMH CBOOO-

A X, /n
umeeT pacnpedesenue Puwepa ¢ n u m

ae1. Torma CB Vi, = X,/

cmenenamu c60600b, IT0 3ALUCHIBAIOT KaK Vi m ~F (n;m) .

CeoiicrBa pacupenenenus @umepa F(n;m)

1) CB V., mMeer miotHoCTh f(v,m,m) =0 opu v <0 m

r(m) W m vg—l
flo,nym) = —~2~--n>m? ———— upu v>0.
Y r'(3)r (%) (m+nv)+2

I'pabukn dbysxkuun f(v,n,m), nHaspiBaemble kpusvimu Quuwiepa, acuM-
METPUYHBL M IPU 7L > 2 JOCTUTAIOT MAKCHMAJbHBIX 3HAYEHUI B TOYKAX

(n—2)m
= mE2n’ OMM3KMX K €IWHWIE TUPU OOJbIMX 3HAYEHUSIX M U N .
Tunosoit Buj kpusoit Purinepa npuseseH Ha puc. 17.3.

A fx)
1
0 (n-2)m ?
n(m+2)
Puc. 17.3
2) CB Vi,m HMeeT clexylomue MOMEHTHI:
M[V,.m] = opu m > 2,
’ m — 2
_ 2mP(m+n—2)
D[Vim| = = 22(m = 4) npu m > 4.

IIpumep 17.3. Ilycrs Z, =col(Xy,...,X,) — BeibopKa oObema n ,

nopoxaertag CB X ¢ HopmambubiM pactpegesnenmem N(mx;o?), a



§ 18] TOYEYHBIE OLIEHKU 165

W, = col(Y1,...,Y,,) — BeiOopka obbema m, mopoxkaernas CB Y ¢
HOpMasbHBIM pactpesenennem N(my;o?), u CB Z, w,

y;0%), n n 1 W, HE3aBUCHMBI.
Torma CB, obpasoBaHHasi OTHOIIEHWEM WCIIPABJIECHHBIX BBIOOPOIHBIX
mucnepcuit CB X n Y, 1.e.

>
£
l

Vnm

)

iy > (Y5 —iny)?

nmeer pacupenenenne F (n — 1;m — 1).

§ 18. Toyeuynble olleHKU

18.1. OcHOBHbIE IIOHATUSA.

Onpenenenne 18.1. Ilapamempom pacnpedeaenun 6 € © C R!
CB X nasmeiBaercsa Jmobast amcioBasi xapakrepucruka sroii CB (mare-
MaTHYeCKoe OKHJaHWe, JUCIEPCHs W T.11.) WA Jobas KOHCTAHTa, SBHO
BXOJIAIIAs B BbIpaXKeHUe /i (DyHKIUU PACIPE/IeIeHUs.

B obmem ciaydae 6ymem mpefmosiaraTh, 9TO TapaMeTp pacIpeielie-
Hug 6 MOXKeT OBITH BEKTOPHBIM, T.e. € © C R®.

B cryuae mapamerpuaeckoit craructuaeckoit momemun (So, Fz (2, 0))
TaKWM ITapaMeTPOM PACIpeeIeHIs MOXKET CIIY>KUATh HEM3BECTHBI BEKTOD
6 € © C R®, xapakrepusytomuii pacupenenenne Fy (z,,0).

ITycrs mmeercs BoiGopka Z, = col(Xy,...,X,) ¢ peanusanmeii z, =
=col(Z1,...,%y,).

Onpenenenme 18.2. Touewnoti (6ubopounot) ouenkot; Hen3BeCT-
HOro mapaMerpa pacupegenenus § € O C IR® maspBaeTCs MPOU3BOIbHAS

~

crarucruka 0(Z,), nocrpoeHHas 00 BbIGOPKE Z, ¥ OPUHUMAIOIIAs 3HA-
qeHUsi B MHOXKecTBe O .

~ ~

Bameuanue 18.1. Peammsanuio 0(z,) ouenku 6(Z,) upunumaror,
KaK MPaBUJIO, 3a MpUOJIHKEHHOE 3HadYeHHe HEeM3BECTHOTO mapamerpa 6.

fcHo, 9TO CymecTByeT MHOTO PA3HBIX CIIOCODOB MOCTPOEHUST TOUETHON
OIIEHKH, KOTOpbI€ YUYUTBHIBAIOT THUI CTATHCTHYECKON Momenu. /s mapa-
METPUIECKON U HemapaMeTpUIecKoil Mojesieit 9Tu Crocobbl MOTyT OBITH
pazauganbl. PaccMoTpuM HEKOTOpBIE CBOIICTBA, KOTOPBIE XapaKTEPU3YIOT
Ka4deCcTBO BBEJIEHHOI OII€HKH.

~

Onpenmenenme 18.3. Ouerka 0(Z,) napamerpa 6 Ha3bIBaeTCs

necmewennoti, ecmu ee MO pasao 0, T.e. M [é\(Zn)] = 6 pma mroboro

0cO.
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~

Onpenenenne 18.4. Ouenka 6(Z,) napamerpa 6 HasbBaer-
ca cocmoamenvroti, eclim OHa CXOANTCA IO BEPOATHOCTH K #, T.e.

8(Z,) Py opu n — 0o s Jioboro 6 € ©.

~

Onpenenenne 18.5. Ouenra 0(Z,) mapamerpa 6 Ha3bIBaeTcs
CUNBHO COCTROAMENLHOT, €CJM OHA CXOIWTCS IOYTH HaBepHOe K 6, T.e.
-~ II.H.

0(Z,) — 6 upu n — co mug moboro f € O.

O4eBHIHO, 9TO €CJIN OIEHKA CHJILHO COCTOATEIbHAs, TO OHA SABJISIETCS
TaK2K€ COCTOATEIbHOM.

Ipumep 18.1. Ouenka é\l(Zn) 2 myx memsBectHOro MO 6 2 mx

>

CB X saBasgercsa mecMemenHoli (o coiictBy 1) My ), a onenka 03(Z,)
A7 . A . ~
= dx HemsBecTHOI gucnepcun s = dx — cMeleHHoi, Tak Kak M [dx} =

- n-l dx (mo cBoiicrBy 5)imx ). Ouenka 52(Zn) 2 §x aBaserca
n

HECMENIEHHON ONEHKOW dx ™o onpemeseHuio Sy . Kciaum CymecTByIOT
MOMEHTBI My, dx, TO CAJIbHASA COCTOATENBHOCTH OIEHOK My, dx
rapaHTUpyeTcs: cBoficTBaMu 2), 3) M x .

CBoiicTBaAMU COCTOATEIHHOCTH ¥ HECMENEHHOCTH MOTyT 00JaJaTh
Cpa3y HECKOJIbKO OIIEHOK HEeM3BECTHOrO mapamerpa 6.

Onpenenmenne 18.6. Hecmemennas ormeHKa o* (Z,) crangproro

napamerpa 6 HaswiBaercs sfdexmueroti, ecmu D {5*(Zn)} <D [g(Zn)]

JUIsT BCEX HEeCMEIeHHBIX oneHok 0(Z,) mapamerpa 6, T.e. ee nucnepcust
MUHUMAJIbHA [0 CPABHEHUIO C JUCIEPCUSMU JIPYTUX HECMEIIEHHBIX OIEHOK
IIPU OJHOM W TOM 2Ke 00beMe N BBIOODKH Z,, .

IIpumep 18.2. Ilycte CB X wmmMmeer HOpMaJibHOE pacIpeesieHne

A A
N(mx;0%) ¢ HemsBecTHBIMU TapaMeTpamu 61 = my , 02 = 0% . B sTom
cIydae BEIOOPOUHOE CpefiHee My saBisgeTCs dP(PEeKTUBHON OMEHKON my .
B kuacce napamerpuuecknx wmopneneit (Sp, Fz, (zn,0)), 6 € © C

C R} , PACCMOTPHUM IOJKJIACC CTATACTAYECKUX MOJesell, yI0BIeTBOPAIO-
MAX HEKOTOPBHIM €CTECTBEHHBIM yCjIoBUAM peryispraoctu. C 3To#l meabio
BBeJIEM CJIe/IyIOoIne MOHATAM.

Oupegenenune 18.7. Pyuryuet npasdonodobus jjisi HEUZBECTHOIO
napamerpa 6 € © C R® nasbiBaercs: B cilydyae HellpepblBHOI HabJro/ae-
Mot CB X — mIoTHOCTE paciupeieaeHnst

L(Znaalu"' 705) é on(Znaglv"' 705) = H fX(l'kuolv"' )05))
k=1

roe fx(z,61,...,0s) — wiorHocrs pacupenenenus CB X, a B ciaydae
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auckperHoit HabJrogaemoit CB X — npowussesieHune BepositHOCTER

1>

L(Zruela"' 705) HpX(xkaelw" 705>7
k=1

roe px(zk,01,...,0s) — BepogaraocTb cobbitusg {X = i} .
Ananormuno onpezensiercss dbyHKuus upasgononobust L(zp, 01, . ..

.,0s) npm meomHOpOmHOW BBHIGOPKE Z, 2 col(Xy,...,X,), Korma

CB X, k = 1,n, mo-mpexxHeMy He3aBHCHMBI, HO UMEIOT Pa3JInIHbIE
IUIOTHOCTH pacupenenenus fx, (g, 01,...,0s), 3aBUCAIE OT OJHOTO U
TOro Ke Habopa HeM3BECTHBIX HmapaMeTpoB fy,... ,0,.

Oupepenenune 18.8. Jloeapupmuueckol pynryueld npasdonodo-
bus mis memssecTHOro mapamerpa f € © C IR® masweiBaercs dyHkus
InL(z,,01,...,0s).

Onpenemenune 18.9. Ilapamerpumdueckas CTaTHCTHUYIECKAs MOJIENb
(So, Fz,(20,0)), 0 € © C R, maspiBaerca pezyaaphot, eciiu BBITIOTHS-
FOTCST CIIETY FOIIAE YCIOBUS:

1) dbyskuus npaspononobust L(z,,0) > 0 nus Bcex 0 € © u z, € Sy
muddepennupyeMa 1o mapaMmerpy 6 € O ;

2) mas m6Oro MIMEPUMOTo MHOKECTBA, A C .S BBINOSHSAETCS YCIOBHE

) )
36 JL(zn,O) dz, = J %L(znﬂ) dz,.

A A

U3 ycnoBus 2) BbITEKAET, B 4aCTHOCTH, 9TO B CIIydae PEryJsgpHONi Mojie-
JIK BEIOOPOYHOE MPOCTPAHCTBO Sy = S, T. €. He 3aBUCUT OT HEU3BECTHOTO
mapamerpa 6.

IIpumep 18.3. Ilycts BBIOOpPKA Z,, COOTBETCTBYET PABHOMEPHOMY

pacupegenennto R(0;b) ¢ HemsBecTHbIM mapamerpom 6 2 b. B srom
cilydae MapaMeTpUYecKas craTucTudeckas mopenb (Sg, Fz, (zn,0)) ne
SIBJISIETCS PETYJISPHOIN, TaK KaK BBIOOPOYHOE MPOCTPAHCTBO Sy OIpejie-
asteTcss Ha oTpeskax [0,b], a clemoBarenbHO, 3aBUCAT OT IapaMmerpa b.

Onpenmenenume 18.10. B ciaydae perysispHOil CTATHCTHIECKONH MO-
nenu (S, Fy, (2,,0)), 0 € © CR', sestmunma

2
I,(0) 2 M <781“L8((f"’9))

Ha3bIBaeTcd uhpopmayuetd Puwepa o mapamerpe 6 € O, conepKaieiics
B BBIOOpDKE Z, .
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B ciyuae peryasiproit monenn (S, Fz, (2,,0)) nns maoboit Hecmenen-

HOI OIeHKH! a(Zn) mapamerpa 0 € © C R! cnpasemmuso Hepasencmeo
Pao-Kpamepa

OTO HEPABEHCTBO JIAET HUKHIOIO TPAHMUILY I JTUCIEPCUN HECMEIIEH-
HOI OIlEeHKH.

~

Onpenmenenme 18.11. Hecmemennas omenka 6(Z,) mapamerpa
0 € © CR! masbiBaerca R -addexmusnots ouenkoti, ecliu 1i1st STOH OIEeHKH

B HepaBeHcTBe Pao—Kpamepa mocturaercsd paBeHCTBO, T.e. D [ﬁ(zn)] =

=1/1,(0).
Ecau R->ddekTuBHAs OleHKa CYMIECTBYET, TO OHA SBIISIETCS TaKXKe
s¢ddexTrBHOI B CMBICIIE MUHEUMYMa qucIepcun (cMm. ompegpesnenue 18.6).

Crocob moctpoennsi R -3 )EKTUBHBIX OIIEHOK BBHITEKAET U3 KPUMEPUA

-~

aperxmusrocmu, cocrosimero B crnepytomem. Onenka 0(Z,,) napamerpa 6
apigerca R-3¢dp¢peKTHBHOII Tora U TOJILKO TOIIa, KOIIa

~ 1 & 9lnf(Xy,0)
0(2Zn) -0 = 1,,(0) > a0
k=1
Tabnuma 18.1
Mognems | I,,(0) 0(Zn) D[6(Z,)]
_ 1
N(6;0%) ,,% mx = S X UTX
X i=1
~ 12 20?2
N(mx;6) % dx =~ >°(Xi - mx)? =
i=1
. . k’fL @ _ l n 9(1 — 0)
Bik0) | sa—9) kK nk i:Zle ke
_ 1 0
11(6) % x =~ 30X -
i=1

ITpumep 18.4. Ilpueemem npumepsr R-sddextuBrbx (a cremo-

~

BarenbHO, U 3(PpdexkTuBHbIX) OneHOK 6(Z,) HEU3BeCTHBIX NapaMeT-
poB 0 HEKOTOPBIX PACIHPOCTPAHEHHBIX PACHPEIE/IeHU, UX JUCIepCUn

D {@\(Zn)}, a rtaxke sHavenma wHpopmamummn Qumepa I,(0) (cm.

Tab. 18.1).
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IIpumep 18.5. IlpuBemem upumep, korga 3hdexkTuBHAS OIMEHKA
HEM3BECTHOTO TapaMeTpa CyIecTByeT, a R -3¢ddekTuBHAS OIEHKA HE Cy-
mectsyer. [IycTh BBIGOpKa Z,, COOTBeTCTBYeT pactpesesenuto N(m;o?)

A A,
C HeusBeCTHbiMM napamerpamu 61 = m, 0 = o°. B gannom ciyuvae
mapaMeTpuIecKas MOJEDb ABIAeTCda peryasapuoit. 13 m. 16.5 ciemyer, 9To
CTATUCTUKA

1

n—1

Sx(Zn) = L S (Xy - 7iy)?
k=1

SIBJISIETCsI HECMEIIEHHOU OIEHKON HeMm3BEeCTHOM jaucnepcuu dy = o?. Kak
yKa3aHo B npumepe 17.1 u3 m. 17.1, CB

y, & (1= DEx(Z)
o

WMeeT pacrpejiesienne Xu-KpajgpaT x2(n — 1), a ciegoBarenbHo, 8
nmucrepcusi papaa D[Y,] = 2(n — 1) . Tlostomy

204

n—1

D [5x(Zn)] =

Cornacao nHepaseHcTBy Pao-Kpamepa HIKHSAS TpaHUNA AUCIEPCHA
J060ii HECMEIIEeHHOH OIEHKM B 3TOW CTATHUCTUYECKON MOIeJd paBHA
20 /n . Takum obpasom, Sx(Z,) ne apasercs R-3ddekTuBHOi ONEHKOI.
Ho wmokHO moOKa3aTh, YTO 3Ta OINEHKa sBJageTca 3(PEKTHUBHOM, T.e.
S$x(Z,) wumeer MmHMMaNbHYIO aucnepcnio. Takmm 00pa3som, HHKHSS
rpanuna B HepaBencrBe Pao-Kpamepa He jocruraercst, a CiejioBaTe/IbHO,
R -5 deKkTuBHOIT ONEHKH HE CYIIECTBYET.

18.2. MeToa MakcuMaJjIbHOro mpaBiaomnonobusa. Kak yxke orme-
4aJj0Ch BbIIE, HA [PAKTUKE 4YacTO YJAaercs IpPeicKa3arb BUJ, pacipe-
nenenns Habmogaemoilt CB ¢ TOYHOCTBIO 70 HEM3BECTHBIX IIApaMeETPOB

A "
6 = col(by,...,0s), T.e. nna menpepoiBroit CB X okaseiBaeTcs u3-
BectHON muiorrocTh f(2,0), a mua manckpernoit CB X — BepositHOCTH
A R — R —
p(z;,0) = Po{X = x;}, i = 1I,m, tme =z;, @ = 1,m, — BO3MOXKHBIE

suagenns CB X . Hanpumep, moxer ObiTh 01 = mx , 02 = dx npu s =
= 2. DTu HEW3BECTHBIE NApPAMETPBI TPeOyeTCs ONEHUTH MO MMEIOIEcs
BBIOOPKE 7, .

Pacemorpum IapaMETPUIECKY O CTATUCTHIECKYTO MOJIEJTb
(So, Fz,(2n,0)), 6 € © C R®, mua KorTopoil wu3BecTHa (bYHKIUS
npasgononobus L(zp,01,...,0s).

Onpenpenenune 18.12. QOuenkoli maxcumaivbrozo npasdonodobus

~

(MII-oyenxoti) napamerpa 6 € © nasbBaercsa crarucruxa 6(Z,), mak-
CHME3HpYIOmasi JJIsl KazxKJI0} pealnsaun z, (QyHKIUIO IpaBIonofobus,
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0(zn) = arg max L(zp,0).

Cuocob nocrpoenusi MII-ouenku Ha3biBaeTCss MEMOJOM MAKCUMAALHOZO
npasdonodobu..

IMockonbky byakmus npapmononobust L(z,,0) m eé mnorapudm
In L(z,,0) mocTraroT MakCHMyMa NPH OJHUX W TeX Ke 3HadeHuax 0,
To wacTo BMecTo L(z,,0) paccMaTpuBaioT JorapudpMuIecKyo QpyHKITHIO
npasgononobus 1n L(z,,6).

B ciywae nuddepennupyemoctn dyukmun In L(z,,0) mo 6 MII-onen-

Ky MOXKHO HaiiTw, pelnasi OTHOCUTENbHO 61,... 05 cucremy ypasnenud
npasdonodobus
Oln L(zn,01,...,0s) Oln L(zn,01,...,0s)

=0, ..., =0.

90, 00,

OTrMeTuM, 9TO B TeX CIydadax, Korja cymecTByeT R-sddekTuBHas
onenka napamerpa 6, ona cosnagaer ¢ MIT-onenkoii.

IIpumep 18.6. Ecmu, manpumep, CB X wumeer HOpmasbHOE pac-
npenenerne N(myx;o%) ¢ HEW3BECTHBIM MATEMATHIECKHM OFKHIAHHEM

A .
0 = mx, TO JErKO YCTAHOBUTBH, YTO OIEHKOW MAKCHMAJBHOTO IPaBIIO-
nomobust mapamerpa = my UpH JIOOBIX Ox $ABJSETCS BBIOOPOYHOE
cpenuee My . JlelCTBUTENBHO, B 3TOM Cllydae

n

x, —mx)?
L(zp,mx) = H — exp{% =
V2mok

1 " (zk — 2
_ Z k mX)
(2m)n/20% — 203%

Ondbdepernupyst byrkuuno In L(z,,mx) no mx w npupaBHAUBAs HYJIIO
HoJIydJaeMoe BhIparkKeHue, HaXo UM ypaBHeHHe, pellleHre KOTOPOro

~ 1 & A
G(Zn) = E Z Xk =mx.
k=1

IIpumep 18.7. Ilyctb CB X wuMmeeT paBHOMEpHOE pacIpeesieHne

R(a;b) ¢ memssecTHBIME mapaMerpamu 0; 2 a, 6 2 b. B naumnom
ciryvae WIoTHOCTE pacnpenenernus f(z,a,b) =1/(b—a), ecm x € [a, b],
n f(z,a,b) =0, ecm = ¢ [a,b]. Ouernm mapamerpsl ¢ n b MeTomoM
MaKCEMAJILHOTO HpaBionomobus. OyHKIES OPaBAOIONo0Hd B JaHHOM
clIydae MMeeT BHUJL

L(zy,... ,zpn,a,b) = kHIka,ab (b—a) )
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ecm a < 2 <b g Bcex k=1,n, u L(xy,... ,2,,a,b) =0 B OoCTATBHBIX
cnydagx. Takum o6pasoM, GyHKIUS IPaBIOIOA00Us OTJIXYHA OT HyJId,
€CJIM HEU3BECTHbIE [apaMerpbl ¢ U b yJI0BJETBOPSIOT HEPABEHCTBAM

A A .
b> 2™ 2 max Tk, a<zW 2 min zy.
k=1,n k=1,n
IIpn stom byskuus L(zy,...,Tn,a,b) JOCTHraeT MakKCHMyMa IO @

u b, Korma pasHoCTh b — a OKa3blBaeTCsd MHHUMAJBHO BO3MOXKHOIA,
He HapYIIAIeil ToJyJYeHHble HEPABEHCTBA, T.€. B CIydae TOCTUYKEHUS
B HuUX paBeHCTB. TakmMm obpaszom momydaem MII-omeHKn HeM3BECTHBIX
napamMeTpoB a u b:

roe X™ u X1 — gpajinue 4ileHbl BApUAIMOHHOIO PSIa.

Kak ormeuasioch Bbilie, JanHas MapaMeTpruIecKast MOJIEb HE sSBJISeT-
Csl PEryJIspHOil, TOdTOMY B JaHHOI Momenun R-3¢deKTuBHBIE ONEHKA HE
CYIIECTBYIOT.

IIpumep 18.8. Ilycrs cuyuaiinas Besmumaa X uMeeT pacipeje-
aenne Ilyaccona Il(a) ¢ memssectHbiM mapamerpom 6 = a. IlocTpoum
MII-onenky mapamerpa a. Dyukius npasaonogodusi B 9TOM Cilydae
paBHa

Tk o=@

L(zn,a) = [] ae
k=1

CL‘k' ’
mosToMy JiorapudpMuaeckas (PyHKIHSA IPaBIOIOA00Us paBHA

InL(zn,a) = Y xxlna —na—In(z,!- ... - z,!).
k=1

Pemasi coorBercTBYyIOIEe ypaBHEHNE IPABIONOA00UST
3]
Ba InL(z,,a) =0,

naxoguMm MII-omeHKy HEM3BECTHOTO mapaMeTpa a :

~ 1 & A
a(Z,) = p > Xy =my.
k=1

IIpumep 18.9. Haiimem MII-omnenky /it BEPOSTHOCTH P <«yCIIEXas»
B cxeMe ucnbiTanmii Bepryimaun. B sTom ciaydae mMeem pacmpejesienue
Bepuymmm Bi(1;p) ¢ memssectabiM mapamerpom 6 = p. IlosTomy

L(zn,a) — H pl‘k(l _p)l—zk’
k=1
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rme xx = 1, ecim B k-M ucnbrranwu Obll «ycmex», m rp = 0 — B
MPOTHUBHOM ciaydae. Pelasi ypaBHeHHE IPaBIONoq00ns

n
—lann,p :Z %—% =0

OTHOCHUTEJILHO mapamerpa p, vHaxogum MIl-omenky

N 1 & A
p(Zn) = E Z Xk =mx.
k=1

18.3. MeTom MoMeHTOB. VcToprdecKm TEpPBBIM ISl OI€HUBAHUS
HEU3BECTHBIX [APAMETPOB ObLI IPeJJIOXKEeH ciejayomuit meron. Ilycrs
uUMeeTCs IapaMeTpUYecKas craTucrudeckaa Mogenb (Sg, Fz, (zn,0)), 6 €
€ © Cc R’. IIpemgmosoxxnM, uro y Habmomaemoit CB X , mopoxkgatomeii
BBIOOPKY Z, , CyIIeCTBYIOT HadaJIbHbIE MOMEHTHI V; = M[X 9, i=1,s.
Torna B obmmeM ciIydae OT HEM3BECTHBLIX IapaMeTpOB OyAyT 3aBUCETb U
HAYAJBHBIE MOMEHTHI, T.e. v; = v;(6).

Iycrs U;, 1 = 1,8, — BRIOOPOYHBIE HAYAJIBHBIE MOMEHTHI. PaccMoTpum
CHUCTEMY ypaBHEHUI

Vi(o):ﬁia Z:H

U OPEIIIoNoXKAM, 9TO €8 MOXKHO Pa3pelInTh OTHOCHTENLHO MapaMeTpOB
01,...,0s, r.e. maiitn dynkuun 0; = p;(Vy,... ,0s), i =1,s.
Onpenenenne 18.13. Pemenne nmosyueHHoit cucreMsl ypaBHeHU
0; = ¢i(vr,...,Vs), © = 1,s, maseBaeTca ouenxol, mapamerpa 0,
HaiiIeHHOH 1o Memody momernmos, wma MM-oyenxofi.
Ecrm dyskuum o1(+), ... ,¢s(-) menpepeisabl, To MM-onenkn asiig-
JOTCH COCTOATETHHBIMH.

Sameuanue 18.2. VYpaBHEeHHs METOa MOMEHTOB YaCTO OKA3bIBa-
foTcs 6ojiee TPOCTHIME IO CPABHEHUIO C YPABHEHUSMU IIPABIOTONO0MS, 1
WX pEIIeHUE He CBA3AHO C OOJIBIINMU BBIYACIATEbHBIMA TPY/THOCTIMHU.

Ipumep 18.10. Ilycrs Z, = col(Xl, .., X,) — BBIOOpKa, COOT-
BETCTBYIOIMAA HOPMAJILHOMY paCHpe,ZLe.HEHI/HO N(m;0?) ¢ nensBecTHBIME

A
mapamerpamu 61 = m n 02 = ¢2. OuenuMm mapamerpsl m I/I 02 c

HOMOIIBIO METOJA MOMEHTOB. B anHOM ciiyuae vy =m, vy =m2+ 02 u
CUCTeMa YpaBHEHU /I METO/Ia MOMEHTOB MPUHUMAET BUJT,

~ a1l
m= 1:EZX]€7

n
2 2_5 Al 2
m°+o Uy == > Xj.
+ n 2
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Pemras sty cucremy, naxomum MM-onenkn
01(Z,) =11, 02(Z,) = U — V3.
Ipumep 18.11. Iycrs Z, = col(Xi,...,X,) — BBIOOPKA, COOT-
BETCTBYIOIAs paBHOMEpHOMY pacnpenesnennio R(a;b) ¢ HemssecTHBIMEI

A A
mapamerpamu #; = a u 63 = b. Omenum mapaMeTpsl @ U b ¢ IOMOIIHIO
MeToZa MOMeHTOB. [10CKOIBKY /I TaHHOTO paclpeIeseHus
a+b b—a)? a+b\?2
b—a) , ( ) 7

2 2T o 2

V=

TO CUCTEMa yPaBHEHUN METO/1a MOMEHTOB IIPUHUMAET BUJ

a+b Al
B ZIZEZXIW

(b— a)? a+b\? . Al 2
12 +( ) =n=_5 X

Pemas sty cucremy, nosryaaem MM-onerkn HEM3BECTHBIX MAPAMETPOB:

W(Zy) =01 —\/3dx,  b(Z,) =01 +\/3dx,

S (Xp — imx)?
k=1

Ouenku, noryderrbie B mpuMepe 18.10 ¢ moMOIbIo MeTo1a MOMEHTOB,
cosmagaor ¢ MII-onenkamu, naiigenusivu B npumepe 18.6 u3 m. 18.2, a
MM-onenku B npuMepe 18.11 He coBmagaior ¢ MIl-oneakamu, mocTpoeH-
HBIMU B TpuMepe 18.7 U3 TOTO JKe MyHKTA.

~ A
rae dx =

S|+

§ 19. NnTepBajibHBbIE OIIEHKU

19.1. OcHoBHbIe NTOHATHA. IlycTh mMeeTca mapaMeTprudecKas CTa-
tuctmaeckas moners (Sy, Fz, (2,,0)), 6 € © CR', u no BeGopke Z, =
=col(Xj,...,X,), coorBercTBytomeii pacupenenenuto F(z,0) mabmomna-
emoit CB X | TpebyeTcs onpenennuTsh HeM3BeCcTHBINA mapamerp 6. Bmecto
TOYEYHBIX ONEHOK, PACCMOTPEHHBIX PAHEE, PACCMOTPHM JIPYTOM THII OIe-
HOK Hem3BecTHOro mapaMerpa 6 € © C R!.

Onpenenenne 19.1. Wurepsan [01(Z,),02(Z,)] co cuyuaiiHpivu
KOHIIJAMU, <«HaKpBbIBalOMuil» ¢ BepodTHOCTBIO 1 — v, 0 < oo < 1, Hems-
BECTHBII mapaMeTp 0, T.e.

P{01(Z,) <0< 02(Zn)} =1«
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HA3bIBAETCS 00BEPUMEALHBLM UHMEPEAAOM (AN UHMEPBAALHOT 0UyenKkol)
YPOBHsI HajlexkHOCTH 1 — (@ TapameTpa 6.

AHaJIOrMYHO OLIPE/IEJIsieTCs JIOBEPUTENbHBI MHTEPBAJ JIJIsi [POU3-
BOJIBHOM (DYHKIIAM OT mapameTrpa 6.

A
Ounpegmenenune 19.2. Yucio § = 1 — a HasbiBaercd dosepumenn-
HOT 8EPOATIHOCMYIO UIIA YPOBHEM J08EPUA.
Onpenmenenme 19.3. Hosepureanusiii marepsan [01(Z,),02(Z,)]
HA3bIBAETCS UCHMPAADHDBLM, €CITU BBITOIHSIIOTCS CIEAYIONIe YCIOBUS:

YacTo BMecTo ABYCTOPOHHUX NOBEPUTEJIbHBIX HHTEPBaJIOB paCCMaTpPH-
BAIOT OJJHOCTOPOHHWE JOBEPUTEIbHBIE HHTEPBAIIBI, nosaras 01 (Z,) = —oo
wm 05(Z,) = +00.

Onpenenenue 19.4. VHTepBaj, rpaHUIBI KOTOPOTO YIOBJIETBODSI-
IOT YCJIOBHIO:

P{0>0:(Z,)} =« (mm P{6,(Z,) =2 0} = a),

HA3BIBAETCA COOTBETCTBEHHO NPABOCMOpoHtum (AN A€60CTNOPOHHUM)
dosepumenvHbLM UHMEPBAAOM.

PaccmorpuM mBa pa3iumdHbBIX CHOCOOa MOCTPOEHUS TOBEPUTEIBHBIX
WHTEPBAJIOB.

19.2. Ucnonb30BaHue IEHTPAJIbHON CTaTHUCTHUKH.

Onpenenenune 19.5. Dynknua Y 2 G(Z,,0) cuywaiinoit BeiGop-
KU Z,, Takas, 9To eé pacnpenesenue Fy (y) He 3aBucuT oT mapamerpa ¢
u upu Jo060oM 3HaYeHUU z, QyHKuua G(z,,0) dBigercsa HEOPEPHIBHON u
MOHOTOHHOM 110 6, HA3BIBAETCH UEHMPAALHOT cmamucmukot st napa-
MeTpa 6.

. A
Buasg pacnpegesnenue Fy(y) neHrTpaidbHOl craTucTHRKH Y =

A £
= G(Zna 0) , MO2KHO HaUTH 9UCTIa g1 U (2, YAOBJIETBOPAIOIIUE YyCIOBUIO
P{g1 < G(Z,,0) < g2} =1—a.

Torma rpanunpl goBepuTeiabHoro uarepsaia [01(Zy),02(Z,)] niaa napa-
Merpa 6 MOryT OBITH HAWJEHDI, €CIU Pa3PELINTb, YIUTHIBas CBOICTBA
dbyurmun G(zy,, 0), ciaeayromue HepaBeHCTBA:

91 < G(Zy,0) < g2.

B gacrrocTH, eciin G(z,, ) — MOHOTOHHO Bo3pacTaomas 10 0 GyHKIws,
TO

al(Zn) = Gil(Zn;gl)a 02(Zn) = Gil(vaQZ)v
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rie G71(2,,91) — dbyuknus, obparnas no ornomennio Kk G(z,,0) . Ecin
G(zp,0) — monOTOHHO y6BIBaIOmAs no  GyHKIWs, TO

01(Zy) = G (Zy, g2), 02(Z,) = G Zy, g1)-

[Ipumenum faHHBIN METOL, AJIS HOCTPOEHUS JOBEPUTEIbHBIX HHTEPBA-
JIOB HEU3BECTHBIX TAPAMETPOB HOpMaJIbHOro pactpeetenus N(mx;o% ).
C r10it nenbio chopmympyeM yTBEpKAEHUE, C TOMOIIHIO KOTOPOI'0 MOXK-
HO OIpPEeNNTh EHTPAIbHBIE CTATUCTUKA [JIsi HEM3BECTHIX TapaMeTPOB
my , 0% . Ho nepes ero bopMyInpoBKoii HATOMHEM CJIe/Tyiolee MOHATHE
3 JINHEWHOU aarebphi.

Marpuua C pasMepHOCTH T X M € IEMEHTaMU Cij, ¢ = L,n, j =
=1, n, HassiBaeTca opmozonanvrot, ecia CTC =1, rme I — equandnas
MaTpuna pasmepHocTn n X n, a CT — mpancnonuposarnas mampuiya c
3JIeMEeHTaMK ciTj =cj,t=1n, j=1n.

Paccmorpum oproronampayto Matpuity C coenmajgbHOTO BHIA, Y
KOTODOIi T1epBasi CTPOKa COCTOUT U3 JIeMeHToB c1; = 1/y/n, i = 1,n, a
OCTaJIbHBIE CTPOKHW — MPOW3BOJIbHBIE, HEHAPYIIAIOIINE OPTOrOHAJIHLHOCTH
marpunsl C. Takas marpuna Bcerga cymectByeT. Paccmorpum cBoiicTBa
BBEJIEHHOU MATPHUIIHL.

CpoiicrBa marpunb C
n
1) > cgjeij =0 mna Beex k # i, Tak Kak CTC =1 ny enuHUYHOl
i=1
MaTpPHUIbl BCE 3/1eMEeHThI, KpOMe JIMaroHaJ/lbHbIX, PaBHbl HYJIIO.

n
2) > cij =1 gnascex k =1,n, tak kak CTC = I u numaronajnHbIe
Jj=1
3JIEMEHTHI MATPUIBI | PaBHBI €UHAIE.

3) Ecm y = Cx, tme y = col(y1,...,yn) u = col(zy,...,x,), TO
n n
> yr = > x2 . JleficTBUTENBHO,
k=1 k=1

n n
SNui=yTy=(C2)'Cx=a"CTCx=2"2 =3 aj.
k=1 k=1
n —_—
4) > ¢ij =0 araseex i = 2,n. s cpoiicrsa 1) C' y1s neppoit cTpoku
j=1
(k=1) npm i > 1 nmeem

n n
Z Cijg = \/ﬁ Z C15Cij = 0.
j=1 Jj=1
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Teopema 19.1. (Teopema Puwepa, ycurennwvid sapuarm). Hycmo
Z, 2 col(Xy,...,Xn) — ewbopra, noposcdernnas CB X ~ N(mx;o%),
a mx u (/i\X — evlbopounvie cpednee u ducnepcua. Tozda

1) CB ]\foé (mx — mx>\/7_1,/ ox umeem pacnpedesenue N(0;1);

2) CB ﬁxé ndy /Ug( umeem pacnpedeaenue x*(n —1);

3) ]\04)(é (mx —mx)y/(n—1) /JX umeem pacnpedeaenue S (n—1);

4) CB mx u dx me3asucumoL.

Horaszarenbcrso. 1) JlokaxkeM BHadalle [EePBOe YTBEPXKIEHHUE.
Tak kak cymma HOpMaabHbix CB sBIsieTcs HOpMadbHOM, TO My =
1 & . . N
= - Z X, saBagerca HopmasabHoit CB. Kpome Toro, us coiictsa 1) mx

[t

BoiTekaer M[X] = mx . Hasuee, tak kak CB X;, i = 1,n, He3aBucuMbl u
OJIMHAKOBO PACIIPEENEHbI, TO B criry colicTBa 4)M [X] umeem D[mix]| =
= 0% /n. Takum obpasom, (Mx —mx)y/n/ox ~ N(0;1).

2) HokaxkeMm Tenepb Bropoe yTBepxienue. C 9Tol LeIbl0 BBeAeM

HOBBIE CIyJaiiHble BEJIMIUHBI Y71, ..., Yy, !
1
Y=—CZ,
oXx
A A
roe Y = col(Yy,...,Yn), Z, = col(Xy,...,X,), C — oproronainbHas

MAaTpuna, MOCTPOEHHAs BBIIIE, T.e. yJAOBJIeTBopsomasn csoiicram 1) C'—
4) C. Torpa nmeem

S

n Crs n C1i
Ykzzixj,ylzziszgxfzx = iy,

a
j=1 j=1 X

Haiinem momenTor HOBbIx CB. VunreiBas ceoiictea 1) mx u 4) C, mmeem

M[Yi] = Y2 my,

oXx

M[Yk]:M{Z %Xj} - ’:—; Sk =0, k=2
i= =

1 9%

Vunresasg ceoiictsa 4) mx u 2) C', nomydaem

n i n 9
j=1 =1
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ycrs k#14, k=2,n, i =2,n. Toraa ¢ yuerom nesasucumoctu CB X,

j =1,n, 1 UX OOUHAKOBOU paCHpPeIeIEHHOCTH HIMEEM

oL ky,y. = 0% M[Y, Y] = [Z cri X; ch,X,] -
j=1 =1

= chjcilM[Xj]M[Xl] + Z Ck:jcijM[ij] =
i#l =1

n n n n
= mg( Z Ckj Z Cil — m§( Z CkjCij + M[Xz] Z CkjCij = 0,
=1  i=1 j=1

J=1

TaK KaK KaxKJas U3 9THX CyMM paBHa Hyiqo B cumiy csoiicts 1)C, 4)C.

Anasiornyso ycramaBiuBaercd, 4To Ky,y, = ky,y, = 0 I Bcex @ =
=1,n, k= 1,n. Takum obpa3om, mbl ycTtanoBuin, 910 Bce CB Yy, k =
= 1,n, HEKOppEJIWpPOBAaHBI, HO OHU MMEIT HOPMAJbHOE DaCIpeJe/IeHue,
TaK KakK obpasoBaHbl cymmoit mopmasibabix CB X, j = 1,n. Ilosromy,
CB Yy, k = 1,n, mesasucumsr. [Ipuaem, Yy, ~ N(0;1), kK =2,n.

Paccvorpum  BeiGOpOUHyIO mmcrnepcuio dxy , BBEIEHHYIO COTJIACHO
ompegnenenuto 16.16. Torma

ndX 1 " 2 1 s

ok Ix 1 XJ:
L (< 2 I (Np2 N oo
X j=1 Xj:]- X

rae Yy ~ N(0;1), k= 2,n. Takum 06pasomM, MbI JOKA3AIIH, 9TO, COTJIACHO

* ~
onpegerennio 17.1, Dxé ndx/o% ~ x?(n — 1). YuureiBast Tenepb, 4To

2 n
o Ox ~ . ox
S OLGENI S o
Vn
a Takxke HezaBucumoctb CB Y1, Y5, ... Y, , mpuxoamMm K BBIBOZY, 9TO

nmesasucumbl Takke u CB dx , My, T.€. BEPHO MOCIeAHEE YTBEPKICHUE
TEOPEMBI.
3) Hakomen, mokazkem TpeThe yTBepKaenue. Paccmorpum CB

Vi 2y VP = YV

— mx mx —mx),
ox ox

12 Kub3syn A.U. u ap.
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koropas nmeer pacnpegeneane N(0; 1), Tak Kak yCTAaHOBJEHO BBIIIE, YTO
M[Y;] = v/nmx/ox, D[Y1] =1, M[mx]=mx uCB Y; umeer nopmasb-
Hoe pacmpenenenne. OueBnaao Takxke, uro CB Y, u dx HesaBuCHMBL
Paccmorpum CB T, umeromyto pacnpenenenne Croionenta S(n — 1).
Cormacuo ompemeneruio 17.2, HCIOMb3ysl MOJMYI€HHBIE IIPEICTABICHUS JIJIT

Mmx B dx , HAXOIUM

n—1

x A°
Y2+...+Y2 -

= (mx —mx)

n
ox

Taxum 06paszom, ]\(;[XN S(n—1).

IIpumep 19.1. Ilo BeIOOPKE Z, U3 HOPMAJBHHOTO pacCIIpeese-
HUsT TpebyeTcs MOCTPOUTH JOBEPUTEJIBLHBIN WHTEpBaJ i HEU3BECTHO-

ro MO myx mnpu u3BeCTHOU Jucriepcum ag(. W3 npuseeHHOTO BBIIIE

*
yrBepxaenus ciuenyer, uro CB M x wnMeer HODMAaJIBHOE pPACIIpPE/Ese-
Hre N(0;1), KoTOpoe He 3aBHUCHT OT My , U, KPOMe TOro, (QOYHKIHs

G(Zn, mx) 2 ]\ZIX: (mx —mx)y/n/ox sBisercss HenpepblBHOH u y6bi-

*
Baformeit mo my . d1o 3maumT, 9T0 CB M x daBIgeTcd meHTpaJbHOI
cTaTUCTHKOM. [ToaToMy JOBEpUTEIBLHBI HHTEPBAJI JIJISI HEU3BECTHOTO 1M X
MOXKHO HaMTH, €CJIA PA3PELIUTh OTHOCUTEIbHO 1My JABOIHOE HEPABEHCTBO

(Mmx —mx)yn

oXx

g1 S S 92,

e BeJWYMHBL ¢1 M ¢ HOJ00pPaHBI TaKUM OOpa3oM, 49TO 3TO Hepa-
BEHCTBO BBINIOJIHAETCA C BEPOATHOCTBHIO 1 - «. BaMeTI/IM, 49TO JaHHOe
YCJIOBUE HEOJHO3HAYHO OIPEIEIdeT ¢1, ¢o. BbiOepeM J10BEpUTEIbHbBIN
nHTEepBaJI MUHHAMAJbHON JJINHBI. qu/ITBIBaH CHUMMETPUIO OTHOCHUTEJIbHO
ocu OY MJIOTHOCTH CTAHAAPTHOIO HOPMAaJbHOI'O PACIIPEIEeHUs], MOXKHO
IIOKa3aTb, 9TO TaKoi nHTepBaJl 6yﬂeT nMeTb MUHUMaJIbHYIO JJJINHY, €CJIN
IOJIO2KUTH g1 = —(g2 , U IIPU 9TOM OH OKa3bIBACTCA IEHTPAJIbHBIM. TaKI/IM
00pa30M, MMoJIydaeM CIeAYOMui JOBEePUTEIbLHBI HHTEPBAJ:

~ ox ~ gx
Mx — —=Uy S Mx < Mx + —= Uy,
vn vn
A
rae 4, — KBAaHTUJIb YPOBHHA 7y = 1- a/ 2 cTaHJIApTHOrO HOPMAaJIbHOI'O

pacupenesnenus IN(0;1). B jgaHHOM ciydae JUIMHA JIOBEPUTENBLHOTO
unrepsana pasia A = 2u,0x/\/n u He ciydaitna. ITosromy, 3anaBmuch
3HAYEHHAMH JIOOBIX ABYX U3 TPeX BeINIHH A, o, 1, MOYKHO OIPeIeINTh
3HAUEHHE TPeTheil BeJIUUNHEL.

IIpumep 19.2. HUcnoswsys yreepxaenme 3) Teopembr 19.1, mMox-
HO TOCTPOWTH AHAJOTUYIHBINA IEHTPAJIBHBIN [TOBEPUTENBHBIN WHTEPBAJ
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st HemspecrHoro my CB X | umeromeit HopMaJibHOE paciipejiesieHne
N(mx;0%), u B ciiydae, Korjja BeJIMYUHA Oy HEU3BECTHA:

_ | d. . d.
myx — —nflt,y(n—l)ngng'i' nflt"/(n_l)a

rge t,(n —1) — KBaHTWJIb yPOBHS 7y 21— a/2 pacupenenerusi Crbio-
merta S(n—1).
B oTimyme oT OpeABAyINEro IpUMepa JJIMHA JTOBEPHTEILHOrO HH-

TepBasia ciydaiina u 3aBucuT or CB dx . Ho mpu n > 30 wnaTepBaBI
u3 npuMmepoB 19.1 u 19.2 mpakTwdecKu COBHAJAIOT, TAaK KaK IpU N >
> 30 pacupenesenne CThroieHTa 6JIM3KO K CTAHIAPTHOMY HOPMAaJbHOMY
PpacIpe/leJIeHUIO.

IIpumep 19.3. lleHTpanbHBIi JOBEPUTEIbHBIN HHTEPBAJ JJI HEW3-
BectHOTO Mapamerpa 0% CB X ~ N(mx;o0%) Tupu HemsBecTHOM mx
MOKHO MOJIy9UTh, UCIONb3Yysl yTBepKIeHue 2) reopembl 19.1,

n T 2 n T

. < -
oy(n—1) NS OXS o T )

rae zy(n —1) u x1_4(n — 1) — KBaHTHIX ypOBHER <y 21— a/2ul-—
— v = /2 nus pacupesielleHusT XU-KBaJpaT ¢ n — 1 CTemeHbIo CBOOOIbL.

IMMpumep 19.4. TlocTpouM JOBepUTENbHBIN WHTEPBAJ I HEU3BECT-
HOro mapamerpa b paBHOMepHOro pacupenenenns R(0;b). Moxno moka-
3arh, yro CB G(Z,,b) 2 (X(")/b)n umeer pacnpegeienne R(0;1) s
moboro b > 0. Kpome toro, dyukuusa G(zn,b) — ybbiBaromas mo b.
Cnenosarenbuo, G(Z,,b) sBmserca menTpanbHOW craructukoii. Torma

MOy gaeM ycIoBHe
x®\"
P{91<< 5 > Sgpr=1l-a

JUIs HEKOTODBIX d9HCeJI g1, ¢2. Pa3pemas JBOIHOEe HEPABEHCTBO B
5TOM BEPOATHOCTHOM YCJOBHU OTHOCHTENIFHO b, TOJIydaeM Cllemyromuit
JOBEPUTEIbHBIIl NHTEePBaJL:

(n) (n)
XV cpe X
1/n X7 1/n

92 91

OTMeTHM, 9TO STOT WHTepBaJl OyJeT HMeTh HAaMMeHBIIYIO IJHHY, eCIH
g2 =1, a g1 ABIAETCA KBAHTMIIBIO ypoBHA « pacnpenenerus R(0;1),
T.e. g1 = .

12%
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o A7
19.3. Ucnonb3oBanue todedHoi oneHku. Ilycre T = 0(Z,) —
ToYedHas OIEHKa HEM3BeCTHOTo HmapameTpa f ¢ (pyHKImeil pacmpemeire-

uwua Frp(t,0), koropas monoronua o 6. Ilycrs ¢, 2 é\(zn) — peaJm3anus
omenkn T 2 g(Zn) . IIyctb 01(z,) n 02(z,) — Takume aBa YuCIa, YTO

01(2n) 2 max {9 : Fp(tn,0) = %} ,

02(zn)émin{0:FT(tn70,0) 179},

ecmn Fr(t,f) — Bospacratomas o 0, m

Ol(zn)

02(2n) a min{@ : Fr(t,,0) = %}’

max{t9:FT(tn—O,Q):1__}7

ecin Frr(t,0) — yb6biBatomas mo 6.

Nurepsan [01(Zy),02(Z,)] co ciaydaiiHbIMU KOHIIAMU, OIIPEAEJICHHbI-
MU BBIIIE, SIBISIETCS IEHTPAJBHBIM JIOBEPUTEIHHBIM MHTEPBAJIOM, <«Ha-
KPBIBAIOIIAM> C BEPOATHOCTBIO 1 — v HeW3BeCTHBIN mapamerp 0.

Bo MHOrEX ciIy9asiX Takoil JOBEPUTENbHbIH HHTEPBAJ COBIAIAET C
UHTEPBAJIOM, HOCTPOEHHBIM HA OCHOBE IEHTPAIbHOI crarucTuku. Hanpu-
Mep, 70T (BaKT MMeeT MeCTO B CjIydae HOPMAJbHOTO PaCIpeIesIeHus.
JeficTBATENIbHO, B 9aCTHOCTH, TIPW HEW3BECTHOM Mx W M3BECTHOM Ox

B Ka4ecTBe TOYEYHOW OLEHKU My MOXKHO HNPpUHSATH T’ 2 My , KOropas
nmeer pacnpesererne N(mx;o%/n). OdeBuaHO, UTO pacupeseeHHe
Fr(t,mx) sBasiercs B JaHHOM ciydae yOwbiBaromeil mo my dyHKm-
eit. Ilosromy, eciii CTPOUTH MEHTPAJIbHBIN JTOBEPUTEJIHHBII MHTEPBAJ C
TIOMOMIBIO PACHpPEJIeJIEHAsT TOUeTHON OIEHKH, TO OH COBHIAJET C JOBEPH-
TEJIbHBIM MHTEPBAJIOM MUHUMAJILHON JIJIMHBI, HaleHHbIM B ipuMepe 19.1
npeabiaymero m. 19.2. Ho B psaae ciaydaeB BooOIe He yIaeTcsi MOCTPOUTD
JIOBEPUTEJIbHBI MHTEPBAaJl HAa OCHOBE ILEHTPAJIbHON CTATUCTUKU, TOIJA
KaK JIOBEpUTEJIbHBIII HHTEPBaJ, OCHOBAHHBII HA pacCIpeIe/IeHuA TOYCYHOI
OIIEHKH, CYIeCTBYeT. PacCMOTpUM HECKONIBKO TaKuX nmpuMepoB. OTMmeTnm
Takke, 9T0 B mpumepe 19.4 m3 npempiaymero m. 19.2 mabmiomaercsa mpo-
TUBOIOJIOYKHAS CUTYAIA.

IIpumep 19.5. Ilycte CB X wumeer pacupenenenune Bepryiin
Bi(1;p) c HemsBecTHBIM TapamerpoM p u Z, = col(Xi,...,X,)
coOTBeTCTByOIAas BbIOOpKa. MII-omeHKOM 11t p ABIsIETCA BBIOOPOTHOE
cpejiHee
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A -~
CB T = 0(Z,,) moxer npuaumars 3Hauenus 0,1/n,2/n,... ,n/n, a ee
byHKIHIA pacIpeseneHns IMeeT BUI

Fr (S,p) = Zk: Crp'(1—p)" .
1=0

Ounddepernupyst no p dbyukuuto Fr(k/n,p), MoxkHO ybeauTbesi, 4TO
ee IPOU3BOJHAsd OTpUUaTeNbHa, T.e. Fp(k/n,p) aBisercda MOHOTOHHO
yoniBatomeit mo p mpu k < n. Ilosromy MOXKHO TPUMEHUTH ONUCAHHYIO
BBIIIE METOJUKY JIJIsi IMOCTPOEHWs JTOBEPUTENHHOIO MHTEPBAJa JJIs P .
Takum o06pa3om, rpaHUIBI MEHTPAJIHLHOTO JIOBEPUTEJHHOTO WHTEPBAJIA
[01(zn), 02(2n)] HaXOmATCS U3 pelleHUs CIELYIOMUX YPABHEHUIA:

k—1

1P (20) =S cnpii- o) =S,
i=k

k . . .
Fr (%,92) = Y G- )" =

=0

OrmernM, 9TO IpU HOCTPOEHUH OJHOCTOPOHHETO JI0BEPUTEHHOIO HHTED-
BaJla JJIs P MOXKHO TIOJIOXKUTH, HampuMmep, 6 = 1, m Torma moiydaem
cllenyolee ypaBHeHHe JJisd onpezesnenns 0 :

1- Fy (%,91) =3 CiLpi(1—0y) T = a.
i=k

IIpumep 19.6. ITycrs CB X mmeer pacnpenenenne Ilyaccona I1(a)
¢ Hem3BeCTHLIM HapamerpoMm a. MII-onenkoii mapaMerpa a sBJgeTCA
BLIOOPOYHOE CpefHee

n

~

H(Zn) =

S+

X;.
i=1
Onenka T 2 é\(Zn) npuHUMaeT 3Hadenus k/n npu k=0,1,2,... ,n,a
ee (byHKIMA PACIPEIECHAS NMEET BHL

=0

[IpownsBomnas namHol (DyHKIMKM OKA3BIBAETCS OTPHUIATEIHHOM, CiiemoBa-
renbHO, dyuknug Fr(k/n,a) sBiasercs MOHOTOHHO yObIBaroIiel mo a.
ITosToMy BOCHOIB3yeMCsi ONMCAHHBIM BBIIIE CIOCOGOM ITOCTPOEHUS IEH-
TPAIBHOTO IOBEPUTEIILHOrO uHTEpBasia [01(2y), 02(2,)] . B jannoMm ciaydae
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Jyist onpegesienust 0y u @y nosydaem cieyronie ypaBHEeHus:
k—1 > _ 9, (nby i [
1_FT<—n ,91>:Zenl—( -) =3

= 1!
k N () "
oS- 2

IIpaBas rpaHUNa OHOCTOPOHHETO JOBEPHUTEIHLHOTO MHTEPBAJIA HAXOIATCA
U3 ypaBHECHUA

X .
k _ “ngy (nba)"
o (b ) = o 000

|
2.
=0

19.4. TunosBble 3aga4u.

Samadua 19.1. Ucmonb3ysa maHHble THMOBOM 3amadu 16.1, mocTponTth
[eHTPAJbHBII JOBEPUTENIbHBIN HHTEePBaJ YPOBHA goBepus 0,95 1 Hens-
BECTHOTO MaTeMaTUIeCKOTO OXKUIAHWSA CpeHell TeMIlepaTyphl SHBapsd B
r. Caparose (CB X ). Bynem mpeamomarars, auro CB X wnmeer rayccos-
CKOe pacrpeesieHune.

Pemenne. Cormacao npumepy 19.2 meHTpaJbHBI JOBEPUTENbHDBIN
WHTEPBAJI /I HEM3BECTHOTO MaTEMaTUIeCKOTO OXKHJIAHUSA My YPOBHS
nosepusa 0,95 umeer Bug,

. d; N d:
x — 1\ —— toors(n —1) <mx < mx + X
n—1 n—1

to,o75(n — 1),

rie obbeM BeIGOpKYU n = 13, my = —11,87, &\X = 22,14 (pesysbTar pe-
nrenus 3a0a49u 16.1), a kBauTuib pacupenesnenns CTbIoJeHTa t07975(12) =
= 2,18 maxomuTcsa 1Mo TabJIHIeE.

CraenaB He0OXOMMbIe BBIYUCIEHUS, TIOJIy9a€M JIOBEPUTEIHLHBI HHTEPD-
Bas juid my @ [—14,43,—89].

OrseT [—14,43,-8,9].

SBamgada 19.2. Ucnonb3ysa mammble TUmOBO 3amaum 16.1, mocTpo-
WUTb IEeHTPAJbHBIN JTOBEPUTEJbHBINI WHTEPBaJ ypoBHA moBepusa 0,95 nisa
HeW3BECTHOI nmcrnepcuu cpenHeil temmeparypbl siuBaps B . Caparose
(CB X ). Byaem npegnonarars, uto CB X wmMeer rayccoBcKoe pacipe-
JeJeHue.

Pemenne. Cormacuo npumepy 19.3 meHTpaJIbHBIA JTOBEPUTENIbHDIN
UHTEPBaJl JIJIsd HEM3BECTHON Aucrepcuu U_%( ypoBHs soBepus 0,95 umeer
BUJT

n T 2

" Ay << —"  dy
To,975(n — 1) SUXE Zo,025(n — 1) ’
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rae obbem BuIOOpKE N = 13, &\X = 22,14 (pe3sysnbTar pemeHus 3a1a-
an 16.1), a ®0,975(12) = 23,3, x0,025(12) = 4,4 — kBanTUIN pacupeseie-
mus x2(12), KoTopble HaAXOAATC TI0 TabJHTe.

Takum 06pa3oM, MOJIyYaeM JOBEPUTENbHBI UHTEPBAJI I 0%
[11,4, 60,38].

Orser [11,4, 60,38].

§ 20. IIpoBepka CTaTUCTUYECKUX T'MIIOTE3

20.1. OcHOBHBIE IIOHATHA.

Ounpenenenne 20.1. Cmamucmuueckoli 2unomesoti H wiau mpo-
CTO 2unome30tli Ha3bIBAETCA JI000E TMPEINOIOKEHNE OTHOCUTEIBHO Tapa-
MeTpoB miin 3aKoHa pacupeaeenuss CB X | mposepsiemoe 1o Beibopke Z,, .

Ounpenenenune 20.2. IIpoBepsiemasi rumore3a HA3BIBAETCI OCHOBG-
notl (mim nyaeeol) m obosuadaerca Hp. [unoresa, KoHKypupylomas
¢ Hy, HaswiBaercs asvmepramueroti u obosnadaercs Hy .

Ounpenenenne 20.3. Crarucruyeckasi runoresa Hy Ha3bIBaETCH
npocmot, eclnu OHA OJHO3HAYHO OMpeesseT MapaMeTp WA paclIpeieiie-
e CB X . B mporuBHOM citydae runoresa Hy Ha3bIBaeTCd CA00CHOU.

IIpumep 20.1. Ilo BeIGOpKE Z, Tpebyercs mpoBepuTh rumoresy Hy
0 TOM, 9TO Mx = Mg, LA Mgy — HEKOTOpOoe (PUKCHPOBAHHOE UHUCJO,
npotuB runore3sl Hy o ToM, 910 mx # myg . Vliu npoBeputh runoresy Hy
nporus runore3sl He 0 ToM, 910 mx > myg .

OpHa W3 OCHOBHBIX 3aJlad MaTEMAaTHIECKON CTATUCTUKHA COCTOUT B
[IPOBEPKE COOTBETCTBUS PE3YJIbTATOB KCIEPUMEHTA, [IPEJIIO/IAraeMOi I'u-
moreze Hp. C 9T0il menpio BuIOWpaeTcs HEKOTOpAs CTATACTHKA /Z =
= ¢(Z,), 2yist KOTOPOI NMPEeANoIAraeTCsi N3BECTHBIM yCIOBHOE DACTIPeIe-
aenne F(z|Hp) oTHOCHTeNBbHO mpoBepsieMoit rumoressl Hp. C moMompbo
STOH CTATHCTHKHU CTPOUTCS NPOIeaypa (IIPaBUIO) MPOBEPKU HIIOTE3HI.

Onpenmenenme 20.4. Cmamucmuseckum xpumepuem (Kpumepu-
emM CO2AACUA, KPUMEPUEM SHAUUMOCTNU WA PEULAIOULUM NPABUAOM) TIPO-
BepKU runote3bl H(j Ha3BIBAeTCs MPABUJIO, B COOTBETCTBUY C KOTOPBIM IO

A
peanuzanuu z = @(z,) cTaTHCTHKH Z runoresa Hy NPHHAMAETCS WA
OTBEpraercs.

Onpenmenenune 20.5. Kpumuueckot obaacmvio G CTaTHCTAIECKO-
r0 KpUTEpHUsl HA3BIBAETCH ODJIACTH peajim3anuil z CTATUCTUKA Z , NpH
KOTODPBIX runore3a Hy oTBepraeTcs.

Onpenenenune 20.6. Jlosepumeavroti obaacmovio G craTuctude-
CKOT'O KPUTEPHUs HA3bIBAETCA 00JIACTh 3HAYEHWI 2 CTATUCTUKH 7 , IIPH
KOTOpBIX runore3a H(y mpuHUMaeTCs.
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Hanpumep, B KadecTBe CTATUCTUIECKOTO KPUTEPHUS MOXKHO HCIIOJIH30-
BaTh INPABHJIO:

1) ecnm smavenme z = ¢(z,) cratuctukm Z = p(Z,) JeXHUT B
KpuTHIecKoii obmactn G, To rumotesa Hp OTBepraeTcs W NPUHAMAETCH
ajbTepHaTuBHas runoresa Hy ;

2) ecnu peanusaiusa z = p(zp) craructuka Z = p(Z,) JeXuT B
JoBepuTesbHOM obsiactu G, To rurnore3a Hy npuHUMAeTCs.

IIpu peasusanyuu 3TOro MPAaBUIIA BOSHUKAIOT OMUOKH JBYX BUJIOB.

Onpenmenenune 20.7. Quwubkrol 1-20 poda Ha3BIBaeTCs COOBITHE,
cocTosIee B TOM, 4To runore3a Hy orTBepraercs, KOrja OHa BEpHA.

Onpenenenne 20.8. Owubkoli 2-20 poda Ha3bIBaeTcs COOBITHE,
COCTOSIILEE B TOM, 4TO NPUHUMAETCd runore3a Hy, Korjua BepHa IUIIO-
Te3a Hi.

Onpenmenenume 20.9. Vposnem 3HAUUMOCTMY CTATECTHIECKOTO

A
KpPHUTEpUs HA3bIBAETCA BEPOATHOCTH ommbku 1-ro poma a = P{Z €
€ G|Hp} . BeposiTHOCTh OMMOKE 1-T0 pojia ¢ MOXKET OBITH BHIYHCIIEHA,
ecu usBecTHO pacupegeienue F(z|Hp).

Beposirnocts omubku 2-ro poja pasha 3 2 P{Z € G|H,} n moxer
OBITH BBHIYNCIIEHA, €CJIM W3BECTHO YCIOBHOe pacupeseienue F(z|Hy)
CTATUCTUKU Z TPU CIOPaBeIIMBOCTH rumoTe3sl Hi .

fcHo, 9TO ¢ yMeHbIIEHHEM BEPOSATHOCTH (¢ OMUOKHU 1-r0 poma Bo3pa-
CTaeT BEPOATHOCTHL [ ommbKu 2-ro poja, U HaobOpOT, T.e. MpHU BBIOOpE
KPUTHAIECKON U JOBEpUTEIbLHON ObJracTell MOKeH JOCTUTAThCA OIpe]ie-
JeHHBI KoMmpowmucce. [TosTomy gacTo mpu (puKCHpoBaHHON BEPOATHOCTH
ommubku 1-ro poma KpuTwdecKas 00JIaCTh BBIOMPAETCs TaKUM 0Opa3oM,
9TOOBI BEPOSITHOCTH OMMOKU 2-TO poja Obljia MAUHAMAJbHA.

IIpoBepka crarucTmdecKOll rMIOTE3BI MOXKET OBITH MOAPA3IEesIeHa HA
CIIEIYIOIIAE ITAIBI:

1) cdopmymuposaTh mpoBepsieMyto runotesy Hy W albTepHATHBHYIO
K Heil runoresy Hi ;

2) BLIOpPATH YPOBEHDb 3HAYUMOCTH (!}

3) BBIOpATH CTATUCTUKY Z st NPOBEPKM rumore3bl Hy ;

4) maiitn pacnpenenerne F(z|Hy) craructuku Z 1pw yCJIOBHH, 9TO
runore3a Hy BepHa;

5) MDOCTPOUTH, B 3aBUCHUMOCTH OT (OpMyJupoBKU rumoressl Hi,

KPHTHIECKYIO 00aacTs G ;

6) moiy49uThb BBIOOPKY HabJMOAeHUN Z1,...,T, U BBIYUCIATH BBHIGO-
pounoe 3HaueHwe z = ©(T1,... ,T,) CTATACTAKA 7 KPHTEDUS;

7) UpHUHATH CTATHCTHIECKOE DEIeHWe Ha ypOBHE joBepus 1 — a:
ecmun z € G, TO OTKJIOHUTH rumoresy Hy KaK He COIIACYIONLYIOCH C
pesyabratamu Habuogenuil, a ecim z € G, 1o npuHAThL TUnOTE3y H))
KaK He MPOTUBOPEYAIIYIO Pe3yJibTaTaM HabJII0IeHn.
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20.2. ITpoBepka runore3bl 0 3HaAUYeHUU napaMmerpa. llycrs nme-
eTcd ITapaMeTpudecKas craTucrudeckas Mojens (Sg, Fz, (2,,0)), 0 € © C

CR', re. BoiGopka Z, coorsercryer pacnpeneienuio F(z,0) ¢ mens-
BecTHBIM IapaMerpoM 6. IIpoBepuMm mpocryio runoresy Hg, COCTOSIILYIO
B ToM, uro 0 = 6y, roe 6y — HEKOTOpPOE (PUKCHUPOBAHHOE YHUCJIO U3
MHOXKecTBa O .

PopMyaupoBKa aJbTePHATUBHON rumore3nl H; m ypoBeHb 3HAYUMO-
CTH ( OIPEJE/IHIOT PAa3Mep U IOJOYKEHHe KpuTuueckoi obmacru G Ha
MHOXKECTBE 3HadeHHuil crarucTuku Z . Hanpumep, eciu ajJbTepHATHBHAL
runoresa H; dopmymmpyercs kak 6 > 6y (nmm 0 < 6y ), To Kpurndeckas
06JIacTh pa3MeInaeTcss Ha MPaBoM (MM JIEBOM) «XBOCTEe» DACIpeleIeHus
CTATUCTHKU Z , T.e€.

G={z2>2_0} (mmm G={z<2,}),

e 2] o U Zg — KBaHTUJIM ypoBHeil 1 —q U @, coOTBETCTBEHHO, paciipe-
nmenennst F(z|Hp) cratuctuku Z Tpw yClIoBUW, 9TO BepHA runoresa Hy .
B aToM cillydae CTaTHCTHYECKHiT KPUTEPHI Ha3LIBAETCA 00HOCMOPOHHUM.
Eciu anbrepuarusnas runoresa Hy dopmynupyercs kak 6 # 6y, 10 Kpu-

TuvIecKkas 00sacTh G pa3sMermaeTcs Ha 0DOMX «XBOCTaX» PACIIPeIeseHus
CTATUCTUKU Z , T. €. ONPEENISETCS COBOKYIHOCTHIO HEPABEHCTB

@: {Z < ZQ/Q}U{Z > Zl—a/2}7

T/ Zo/2 M Z1—q/2 — KBaHTHIM ypoBHeil /2 m 1—a/2, coorsercreento,

pacnpenenernuss F(z|Hp). B aToMm ciryuae kpurepnii Ha3bIBaeTCa 06ycmo-
DPOHHUM.

Tabauma 20.1

P -
[Ipeamomno- Crarucruka Z ﬂ:;;f;e ,Ho;gjﬁ);l:;g L&;Iaﬂ
JKeHHe Kpurepud F(z|Ho) runore3sl Hy
2 mx — m n
Ox M N(O7 1) [7u77u7]
M3BECTHA, ox
2 mx — —1
ok (x =movn =1\ g, 1) | =t (n— 1), (n — 1)]
HEN3BECTHA / dx

IIpumep 20.2. Ilycrs m3BectHO, uTo CB X mMmeer HOpMasbHOE pac-
npeesenne. TpebyeTcs, HCIOAB3Ys PEAN3AINIO BEIOOPKU 2, , TPOBEPUTH
runoresy Hy, COCTOANIyI0 B TOM, 9TO mx = mgo (mg — HEKOTOpPOE
dbukcnpoBaHHOE YNCII0), MPOTHMB AJIbTEPHATHBHON runoressl Hy o Tom,
9T0 Mmx # Mmo. BO3MOXKHBI JiBa CIlydas: JUCHEPCHS 0% W3BECTHA WIIH
neu3BecTHa. CraTuCTUKN Z U1t 000MX CIIy9a€B MOYKHO BBIOPATD, UCIIOJIb-
3yd yrBepxKaenne u3 . 19.2. [IpeacraBum stu ciydan B Buge Tabm. 20.1.
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Juist KaXKJoro ciydasi B COOTBETCTBHM C YTBEDXKJEHHsMA 1) m
3) Teopemnl 19.1 moydaeM CBOIO JOBEPHTENBHYIO OONACTB, THE U,

ty(n —1) — KBaHTHIM yPOBHS <y 29 a/2 pacupenenenuit N(0;1) u
S(n — 1) coorBercTBeHHO.

IIpumep 20.3. Ilycts CB X HOpMasbHO pacmpeieseHa, a ee JIC-
mepcusi Hem3BecTHa. 1'pebyeTcss Ha OCHOBE peallm3alliil Z, BBIOODKU 7,
nopoxaeanoit CB X, mposepurs rumoresy Hy o Tom, 9TO crg( = of
(00 — HeKoTOpOEe (DUKCHPOBAHHOE UHCIIO), TIPOTHB AJBTEPHATHBHON T'H-
norespl Hj, cocrosieil B ToM, uTo 0% # 0Z. Bosmoxubl JBa ciyudas:
myx — A3BECTHO WU my — HemsBecTHO. [IpencraBum stu ciryyan B Buze

CJIeaYIOMEeil TabIAIIbI:

Tabauma 20.2

Pacmpe- JloBepuTenbHas
Hpenmosto- CTETE;ZHE z JleJieHue obnacte G
KeHue pHaTep F(z|Ho) rumoressl Ho
n
> (Xk —mx)
mx k=1
UGN (=M 1 () ()]
0
mx nl/j\X 2
HEH3BECTHO 2 X (n—=1) | [11y(n —1),24(n —1)]
0

Bmecy x+(k), x1-(k) — KBaHTHIN ypOBHS 7y 21— a/2 ul—xy
pactpenernenus x2(k) ¢ k cremensmu cobomel, e k=mn, n — 1.

Bameuanue 20.1. Ha npakruke obprano sagaor « € [0,01, 0,05].

20.3. [IpoBepka rumoresbl O BHUAE 3aKOHA pPacCHpeaeIeHUus .
IIycts mmeercs peasu3anusa z, BBIOOpKEH Z,, nopoxaennoit CB X
¢ HemsBecTHOH dyHKImeH pacnpenenenns F(x). Tpebyercs npoBepuTh
rumotesy Hy, cocrosmyto B ToMm, uro CB X wumeer ompeneseHHbli
3aKoH pactipesiesienns F(z,0) (Hampmvep, HOpMATbHEIH, PABHOMEDHBII 1
1. 1.). UcTunnbiii 3akon pacupeaesnenus F(x) veussecren. g npoBepku
TaKOW TMIIOTE3bI MOYKHO MCIOJB30BATH CMAMUCNUNECKUT Kpumepul Tu-
keadpam (xpumeputi Iupcona). IlpaBuiio TPOBEPKHU 3aKIIOYAELTCA B
CJIETY FOTIIEM.

1) @opmyampyercs runoresa Hy , cocrosimast B Tom, aro CB X nmeer
pacipe/ieienue onpeiesienoro suna F(x,01,... ,0,) ¢ s Heu3BECTHBIME
napamerpamu 0y, ... ,0, (Hanpumep, m u o2 aJIs HOPMAJTBLHOTO PacIpe-
JejieHus, ¢ U b — Jyis PABHOMEPHOTO U T. 1.).
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2) Ilo peammsamum 2z, BBIOOPKM Z, METOJOM MAKCHMAJIBHOIO
MPaBIONOA00WST HAXOISTCS OIMEHKT 51, e ,é\s HEU3BECTHBIX TApaMETPOB
01,...,0.

3) HeficTBuTenbHAS OCh R' pas6usacrca na [+ 1 Hemepecexaromuiics
nosmynarepsan (paspsan) Ag,...,JA; Tak, Kak 3TO CAEJAHO B NP II0-
crpoennu rucrorpammbl B 1. 16.4. IlogcuaursiBaeTcss 9mucio ny 3daeMeH-
TOB BBIOOPKH, IOMABIINX B KaxKIblii k—it paspan Ag, k= 1,1—1, 3a
nckmiodennem Ag u A;. IMonaraerca ng =n; =0.

4) BbIUuCAsIOTCS TUIIOTETUYECKUE BePOATHOCTH Py, monafanus CB X
B nosyunrepsaist Ay, k= 0,1. Eciu y pacupenenenus F(z,0y,... ,0,)
umeercst mwioTHoCTh f(x,01,...,0,), TO BEpOSTHOCTH Pj, MOrYT ObBITH
BBIYHUCIEHBI CIEAYIOMAM 00pa3oM:

QR4
P = j 7 (x,@l,...,95> de,
o
e qg = —00, Q41 = +00, Win npubankenHo mo ¢hopmyite

pkgf(fk7§17~-~7§s) (ak+1—ak), k=1,1-1,

_ A
rne Ty = (agy1 + ag)/2 — cepenuna paspsama Ay .

5) Berumcisiercsi peasnsanmsi CTATUCTHKU KPUTEPHsT XU-KBAJPAT I10
dopwmyite

-1 2
A A ng —n
2 = @(z) = npo + E (e = npr)” npkpk) + npy.
k=1

6) UsBecTHO, 9TO P COBIIOEHAN HEKOTOPBIX CTECTBEHHBIX YCIOBHI
PEryJaspHOCTH U JIOCTATOYHO GOIBIIOM 06heMe 7 BBIGOPKH Z, pacHpe-
nmenenne F(z|Hy) craructukun Z = p(Z,) XOpOIIO anmpOKCAMUPYETCS
pacnpegenenuem x2(l —s) ¢ [ — s crenensamu cBOGOIb, Tle § — KOJHMYe-
CTBO HEM3BECTHBIX HAPAMETPOB IPENOIAraeéMoro 3aKOHa PacIpeeeHus
F(x,01,...,0,),a [+ 1 — KoIu4ecTso pasps/0B, BEPOSTHOCTD IIONA,/a-
HHS B KOTOpbIe HeHyJIeBad. Torma KpuTudecKad obaacTb G IPHHEMAET
B G = (z1_o(l — 5),+00), rie o1_o(l — s) — KBaETHIB ypoBHA 1 — @
pacnpeyenenus x2(I — s), a — 3a7aHubIil ypOBEeHL 3HAUMMOCTH (OGBITHO
a = 0,05).

7) B cooTBeTCTBUM ¢ KpHTEpHeM XW-KBaJpaT TUmore3a Hy mpuHm-
Maercs (T.e. peasusanusa BHIOOPKH z, coryacyercd c rumoresoii Hy ) Ha
ypoBHE HagexHocTH 1 — , ecmu ¢(z,) € G = [0,21_o(l — 5)]. Ecou xe
¢(2zn) € G, To rumoresa H, oTBepraercsd.
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SBameuanue 20.2. Eciau npu pasdbuenuu Ha nosyunrepBajbl Ay

OKAa3aJI0Ch, 9T0 npg < b aug k=1, — 1, To pekoMeHIyeTCst OO bEeNHATD
COCEJIHUE [TOJIy MHTEPBAJIbL.

Ecnu npu obpaborke HAOIIOMEHNUIT MMEETCS TOJBKO PEATH3ANMA CTa-
THUCTUIECKOTO Psifia, TO BBIYUC/SAS BHIOODOYHBIE MOMEHTHI, CIUTAIOT BCE
BBIOOPOYHBIE 3HAYEHMUs, [IONABIIAE B k- MHTEPBAJ, PABHBIME CEDEIMHE
9TOTO WHTEPBAJA. DTO BHOCUT W3BECTHYIO OMIMOKY, OCOOEHHO 3aMETHYIO
Opu MaJjoM 9YHCIe HHTEepPBaJOB. s yMeHbIIeHHs OMIHOOK, BHOCHMBIX
rpyOOupoBKOil, mpuMeHsaoT nonpasku Ilennapda. Ecan Bce maTEpBAIBI
A umeror jiuHy, paBayto h, 1o ¢ yyerom noupasok [Ilennapaa nepsbie

JeThIpe BBIOOPOYHBIX MOMEHTa U, ¢ = 1,4, COOTBETCTBEHHO PaBHBI:

il\izl//\l, I/ZZZ/Q—E}LZ,
~ ~ 1. ~ ~ 1. 7
Vé:llg—ZVlh, V2:V4—§V2h2+mh4.

20.4. ITpoBepka runore3snl o HezaBucumoctu AByx CB. Ilycrs

WMeeTCs CITy At BekTop V 2 col(X,Y) ¢ dbyskuumeit pacupegerenus
Fy(z,y). Komnonentamu V sBasitoress CB X u Y ¢ dbyskuusimu pac-
npenesenuss Fx(x) u Fy(y) coorBercrBenno. Ilycrh umeercs BBIGOPKa

Zn 2 col(Vi,..., V), tme Vi = col(Xy,Y%). Saech Boibopka Xi,...,X,
coorBercTByeT pacnpenenenuto Fy(z) CB X, a Boibopra Yi,...,Y,
coorBercTByeT pacupenenernto Fy (y) CB Y. Tpebyerca mposepurb
runoresy Hy o mesasucumoctn CB X m Y, me. wro Fy(z,y) =
= Fx(z)Fy(y) nasBeex z € R, y € R'. Jljast mpoBepKu 970l THIOTESHI
KCIIOJIb3YEM KpUTEPUIl XU-KBaJpaT, IPOLELypPa IIPUMEHEHHUs KOTOPOIO
COCTOUT B CIIEIYIONUX TEeACTBUSIX.

1) Muoxkecrso 3nasenunit CB X pasbusaercs na § HelepeceKalomuXxcs
uHTepBaJoB (paspsanos) Ay 1,...,A, s, a MHOXKecTBO 3Hadennii CB ¥ —
Ha T HEIEPECEKAIOMUXCI HHTEPBAIOB Ay 1,... , Ay .

2) Jlns Kaxk10r0 @ = 1,5 W KaxKa0ro j = 1,7 BBIYUCIAAETCS THUCIO n;j
3JIEMEHTOB BBIOODKH Zzj, , IPHHAITIEIKAMAX IPAMOYTOIBHAKY Ag; X Ay ;.

3) Bolqmcisercss cyMMapHOe 9HCIO 7Ty ; 9JI€MEHTOB BLIGOPKE Zp ,
ImepBasg KOMIIOHEHTa KOTOpOil momasa B i-ii paspan Ag; ama CB X,
7 aHAJOTHMIHO — YHCIO Ny ; 3JIEMEHTOB TOU »Xe BBIOODKH z,, BTOpad
KOMIIOHEeHTa KOTOpoii monaya B j-# paspam A, ; ama CB Y :

T s s T
nz,i:Znij, ’I’Lij:Z’rLij, ’I’L:ZZTLij.
j=1 =1

i=1j=1

4) Boruncnsgerca 3mnadeHme CcTaTHCTHKH KpuTepud XW-KBaJpaT II0



§ 20] MPOBEPKA CTATUCTUYECKUX TUMOTE3 189

dopwmyite

s v 2.
zégo(zn):n ZZL—I

im1j=1 @il

5) IIpn cupasegmmeocTn runoressl Hy W JZOCTATOYHO GOJNBIIOM N

A
pacnpesienerne cratucTukn Z = ¢(Z;) XOpOIIO AINPOKCHMHUPYETCst
pacnpezenernem xu-kBagpar ¢ m = (s — 1)(r — 1) crenensimu cBOGOIpI.
[TosTOMy KpHTHYeCKas 06JIacTh HMEET BH/L

G= (wl—a(m)v +OO),

rie o1 o(m) — kBanTmib yposns 1 — a pacnpeuenenus x2(m).
6) IIpuEIMaeTCa CTATHCTAYECKOE DENEHNe Ha YPOBHE JoBepus 1 — a:

OTKJIOHUTH Tunoresy Hy, ecmn ¢(z,) € G, u npuHarh runoresy Hy —
B IIDOTUBHOM CJIydYae.

20.5. IIpoBepka rumore3sbl 00 OJHOPOJHOCTH HAOJIIOIEHMIA.
Paccmorpum Bcmomoraresnpayto 3amady. [lycTh mmeeTcss ombIT ¢ 7 BO3-

A
MOXKHBIME HcxomgaMu Aj, ..., A, , nMeomumu BeposgtHOocTH pj = P(A;),

j = 1,7. OcymecTBigerca s-KpaTHOe IOBTODEHHE CEpHil U3 N;, i =
= 1,s, HE3aBUCHUMBIX MOBTOpeHHUil ombiTa. B jganHOM citydae BBIGODKY
zp, 00pa3yroT HaOJIOJABIINECS UCXOIbI B 3TUX CEPUSX, TJe N = ni + ...
...+ ns — obmee amciio ombiToB. Tpebyerca mposepurh runoresy Hy o
TOM, 9TO BO BCEX ITUX CEPUSX HADJIIOMAIACH OHA U Ta XK€ COBOKYITHOCTH

BepoaTHOCcTe#t p;, j = 1,r. [ pemenus 3Toif 3312491 BHOBb IIPUMEHIM
KpuTepuil xu-KBajapar. llocienoBaTeIbHOCTH TPOBEPKH ITOTO KPUTEPHUS
COCTOUT B CJI€LyIOLIEM.

1) B kaxmoit i-#f cepum, ¢ = 1,$, NOACUNTHIBAIOTCS HUCIA N

nogABIeHnH cobbiTuit Aj, j=1,7.
2) IMoxcuursiBaercsa cymmapHoe uuciao N; moasienuii cobbrruss Aj,

j = 1,r, Bo BcexX cepusXx, a TaK¥Ke 9UCIa N;, 1 = 1,5, 7 n:

S I S T
Nj =2 ngis M= nji, M=% M
i=1 j=1

i=1j=1

3) Breruncisiercst 3HavM€HWE 2z CTATHCTHKHM KPUTEPUS XU-KBAJPAT IO
dopmyite:

Jt -1
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4) WseecTHO, 9TO TpM OOJBIIMX N DPACUPEJEJEHNe CTATUCTUKA

A
Z = ¢(Z,) XOpomo anmpOKCAMUDPYETCS PACIPENENEHNeM XHU-KBAIPAT

x2(m) ¢ m = (s — 1)(r — 1) cremensmu cBoGompl. Popmupyercs
kpurniueckas obnactb G = (x1_o(m),+00), tie o1 o(Mm) — KBaHTHIL
yposaa 1 — o pacmpenenenus x2(m) .

5) IIpuEAMAaEeTCS CTATHCTHIECKOE PEIeHNe: OTKJIOHATE runoresy Ho ,
eciu p(2,) € G w npunaTs runoresy Hy, ecn ¢(z,) € G

IIpumep 20.4. B wacTtHOM ciydae, ipu 7 = 2, T.e. KOTJa OIBIT
umeer apa ucxoma Ay = A u Ay = A, jus koropeix p = P(A), ¢ =
= P(A), onucannas mpore/lypa npoBepsaeTr IUIOTe3y O TOM, 9TO BO BCEX
cepHAX HabJIOeHnil BepOATHOCTb P OCTAaeTCA HeM3MEeHHOIH.

IIpumep 20.5. OmnucamHasg mpornemaypa MOXKeT OBITh MpUMEHEHA
I BO MHOTHX JPYTHX cClIydadx. Hampumep, IIycTh HMeeTcs BBIOODKA
Xi,...,X,, coorBercTBytomas dbyaknun pacupenenenns Fy(z) CB X
U, KpOMe TOro, IMeeTcs BBIOOpKa Y71, ..., Y, , cooTBeTcTByIomaa (dpyHK-
mun pacupenenerns Fy (y) CB Y. Tpebyercs nposepurs runoresy Hy
06 odnopodrocmu ewbopox Xi,...,X, n Y1,..., Y, , r.e. aro Fy(t) =
= Fx(t) mrs Beex t € RY. JIjist Toro 9T06b! IPHMEHITH IPHBE/ICHHYIO BbI-
e npole/Lypy, J0CTATOYHO IPEJBAPUTE]bHO UCIIOJb30BAaTh METo I'PYyIl-
IUPOBKHU JaHHBIX, Pa3Jesidd MHOXKECTBa BO3MOXKHBIX sHadenmit CB X
u Y Ha OJIHU W T€ YK€ Pa3Psi/ibl, MOMAJAHNS B KOTOPbIE HHTEPIIPETUPYETCS

Kak cobpitma A;, j = 1,7. B mammom cmydae s = 2, U CTaTHCTHKA
KpUTEpHUs IPUHUMAET CJIeLyOni BU/I;:

r 2
A 1 (njl nj2>
z=p(zp)=n-m E - (===
#(zn) jsinirtniz \n m
20.6. TunoBbie 3aga4n.

SBamaaa 20.1. Ucmonb3ysa mamable TUOBO 3amadu 16.1, mpoBepuTh

Ha ypoBHe noBepusa 1 — « = 0,95 rumoresy Hp, cocTodmyio B TOM,
9TO MaTeMaTU4IeCKOoe OKUJIAHWE My CpegHeil TeMIlepaTypbl sSHBaps B
r. Caparose (CB X ) paBro —13,75, T.e. uro mx = —13,75, nporus

aJIbTEPHATUBHON rumore3bl Hi, cocrodmeil B Tom, 9yro myx # —13,75.
Bynem npemmonarats, aro CB X mMmeeT rayccoBcKoe pacrpeeeHue.

Pemenune. ducnepcus O'g( CB X mneusBecTHA, MOITOMY BbIOEpemM

JIJIsi TPOBEPKHU rumnore3bl Hy craTuctuky

(Fix — mo)V 1

=

dx

7 =

B paunoit 3agmaue n = 13, mg = —13,75 a mx = —11,87 u (/i\X =
= 22,14 (pesysbrar pemenus sagadu 16.1). Cormacuo npumepy 20.2
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pacnpenenernem F(z|Hy) crarnctukn Z npm cnpasemgmsoctn  Hy
siBnsiercst pacnpeneaenne Creonenta S (n — 1).

Takum obpazom, moBepuTenbHas obgacts G umeer Bunx G =
= [—to,o75(12), to,975(12)] = [—2,18, 2,18]. Berumcass 3HaueHue 2
CTATUCTUKYU 7 JJIsi JAHHON Pean3anuu BhIOOPKH, HMEeM

L (11874 13,75)V/12
a V22,14

Takum obpa3oM, 3HaYeHHE 2z CTATHCTUKHA Z TOMNaJaeT B JTOBEPH-
TeabHyI0 obslacth (G, W, ClIe0BaTEIbHO, HA YPOBHE JoBepusi 1 — o =
= 0,95 MOXKHO CINTATh, 9TO Pe3yJIbTaThl HAOJIIOIEHNN He IPOTHBOpEedaT
runorese Hy, cocrosimieit B tom, uro myx = —13,75.

OrBert l'unmoresa Hy npuamMaercs.

~1,38.

SBamada 20.2. Ucnonb3ysa maHHble TUIOBOM 3amadu 16.1, mpoBepuTh
Ha yposue soBepus 1 — a = 0,95 rumoresy Hp, COCTOSIMIYIO B TOM, 9TO
jucrnepcus 0% cpeameil Temueparypsl susaps B r. Caparose (CB X))
paBHa 20, T.e. 4TO 03( = 20, mpoTWB aJIbTepHATHUBHOI TUmoTe3bl Hi ,

cocroguieiil B ToM, uto 0% # 20. Bynem npenonarars, uro CB X umeer
rayCCOBCKOE pacIpeesieHne.

Pemenune. Maremarndeckoe oxumaunme my CB X ©HemssecrTHO,
MIO9TOMY BBIOEpEM JIJIsT IPOBEPKH rumore3sl Hy craTtucTuky
ndx

2
)

7 =

B naunoii 3amate n = 13, o2 =20, a c/l\X = 22,14 (pe3yabraT permeHus
sagaun 16.1). Cormacuo npumepy 20.3 pacnpenenenuem F(z|Hg) crarm-
crukn Z mpu cnpasegiusoctu Hy sBnserca pacnpenesenne x2(12).

Takum obpazom, moBepurenbHasg obmgacts G umeer Bux G =
= [20,025(12), ®o,075(12)] = [4,4,23,3]. DBoluncnas sHadeHme 2
CTATHCTHKH Z JJid JAHHOH peau3allii BHIOODKH, IMeeM

13-22,14
z2=—""

S = 14,30,

Takum o6pa3oM, 3HaYeHHE 2z CTATHCTUKHA Z TOMaJaeT B JTOBEPH-
TeabHyI0 obslacth (G, W, ClIe0BaTEIbHO, HA YPOBHE JoBepusi 1 — o =
= 0,95 MOXKHO CIHNTATh, 9TO Pe3yJIbTaThl HAOJIIOIEHNN He IPOTHBOpedaT
runioteze Hy , cocrosmeir B TOM, 9TO O'g( = 20.

Orsert 'unoresa Hy npuHEMaeTCs.

Samxaaa 20.3. B reaenne Bropoit MupoBoii BOWHBI Ha I0XKHYIO 9aCTh
Jlormona ymasio 535 cHapsimoB. Teppuropus roxkuoro Jlommona ObLia
pasJeneHa Ha 576 ygacTKoB momaapio 0,25 kM 2. B cnenyomeit rabiuie
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MIPUBEJIEHBl YUCJIA YIACTKOB N, HA KAXKJIBIH W3 KOTOPBIX yHaJIo 1Mo kK
CHap4I0B:

Tabauma 20.3

k 0 1 2 3 4 5
ng | 299 | 211 93 35 7 1

Tpebyercss ¢ MOMOMBIO KPHUTEPUS XU-KBaJIpaT IIPOBEPUTH Ha YPOBHE
gosepuss 1 — o = 0,95 rwunoresy Hy, cocrosmyro B Tom, aro CB X
(4uciIo CHApsIOB, YIIABIIMX Ha OJUH yYaCTOK) PACIPEIesIeHa 110 3aKOHY
[Iyaccona.

Pemenue. Pacnpesenenne Ilyaccona II(6) umeer ogun mapamerp,
MII-onenka sroro mapamerpa 6 = mx ~ 0,93 (cm. mpumep 18.8).

B nmamHOlt 3a1a%e efiCTBATEIbHAS OCh €CTECTBEHHBIM 006pa30oM pas3om-
BAETCST HA 8 HENepeceKarIMXCcs NoaynHTepBatoB Ay : (—o00,0), [0,1),
[1,2), ..., [5,6), [6,+00).

l'unorernyecKue BepOSATHOCTH pj, HoHajaHuda myaccoHoBckoit CB X
B k-ii TOMyHHTEPBAT BEIYUCIAIOTCS O CIIeLyIOmuM (hPOPMYIaM:

67997@71

pkzm s k=1,6,

6
pr=1-=>" pi, po=P{X <0} =0.
k=1

Brraucienable 3HaMEHUS BEPOATHOCTEN yKa3aHbl B Tabi. 20.4.

Tabauma 20.4

k 1 2 3 4 5 6 7
e | 0,394 | 0,366 | 0,171 | 0,053 | 0,012 | 0,002 | 0,002

Boiunciigsa 3HaUYeHHs 2z CTATUCTUKU KPUTEPHUS XU-KBaJpPaT, HOJIYIUM
S, (n — npr)?
z = Z — = 4 npr~ 2,2,
k1 NPk

[Ipu cnpasemymBocTn runoTe3bl Hy craTucTuka Z MMeeT paclpezesicHne
x%(5). Torma kputudeckas obnacts G umeer Bug G = (29.95(5), +00) =
= (11,1,400), a mosepurennras obracts — G = [0,11,1].

Tak Kak BBIYUCIEHHOE II0 BLIOOPKE 3HAYEHHE CTATUCTHKHU IIOIAaeT
B JIOBepHUTEJIbHYI0 06j1acTh G, To ¢ BepoaTHOCTHIO 0,95 MOXKHO yTBEp-
2KJATh, 9TO ONBITHBIE JAHHBIE COMJIACYIOTCA ¢ THmoTe30it Hy.

OrBer 'mnoresa Hy mpuHAMAETCH.
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Samaaa 20.4. Ucnonb3ys namabie 3a7a49u 16.2, mpoBepuTh HA yPOBHE
noBepusas 1 — a = 0,95 runoresy Hy, COCTOSIIYI0 B TOM, 9TO POCT
B3pocioro my>kunsbl (CB X ) mmeer HOpMasbHOE pacnpesenenue.

Pemenue. Hopmambnoe pacupeserenue N(6;;63) umeer asa neus-
BECTHBIX Mapamerpa: 01 = myx u 03 = 0%. MIl-onenkoii napamerpa 6
ABjiserca BHIOOPOUHOE cpeiHee My, a napamerpa 02 — BbiGopounas

JUCIIEePCUL C/Z\X. C yuerom mompapok [llemnapa momyanm
My = 165,77,  dyx = 34,24.

BoluncsuM rumoTeTnyeckue BEPOATHOCTH pr, k = 1,15, momamanus
rayccopckoit CB X B momymnarepBansr A (KOTODBIE ONIpEIETEHBI B
sazade 16.2) no npubamxennoit dopmyste

pr=h- ! exp{ (Ekmxf}
- - _—_— = - =< P
Vorydx 2dx
rme Ty — cepenmHa wmHTepBasa Ay, a h — mmmHA maTepBada Ay,

KOoTOpasi B JaHHOI 3amade paBHa 3 1id Bcex k = 1,15. Pesyabprars

Berancaennit st k = 1,15 npusenenst B Tabur. 20.5.

Tabauma 20.5

Ay | 143-146 | 146-149 | 149-152 | 152-155 | 155-158
pr | 0,0003 | 0,002 0,007 0,023 0,058
A | 158-161 | 161-164 | 164-167 | 167-170 | 170-173
Dr 0,115 0,175 0,204 0,184 0,127
Ap | 173-176 | 176-179 | 179-182 | 182-185 | 185-188
Dk 0,067 0,027 0,009 0,002 0,0004

BepositHOocTh TOMAamanus B mATEpBan Ay = (—00,143) paBHa py = 4 X
x107°, a B maTepBan Ajg = [188,+00) — pig = 4 - 107°. Brrumcias
pealu3aluio 2 CTATHCTUKA Z , TOJYyYUM

15 _ 2
z=mnpy + E (e = npr)” + np1g ~ 7,177.
k=1 "Pk

IIpu cupasemmBocTu runore3nl Hy cTaTucTuKa Z WMeeT paclpeie/ieHue
x%(14). Torma kpurmieckas obnacts G umeer Bun G = (mgg5(14),
+00) = (23,7,400), a goepurenbHas obiaacte — G = [0, 23,7].

Tak kKaK BBIYUCIIEHHOE IO BBIOODKE 3HAYEHHE CTATUCTUKH I[IOHAJIAET
B JI0BepuTeNbHYIO 00jacTh (G, TO ¢ BepoaTHOCTHIO 0,95 MOXKHO yTBEp-
KJATh, 9TO ONBITHBIE JAHHBIE COIVIACYIOTCHA ¢ TunoTe3oi Hy.

OrBer 'mnoresa Hy mpuHAMAETCH.

13 Kub3syn A.U. u ap.



194 MATEMATUYECKASI CTATUCTUKA [FJI. Vv

Samaaa 20.5. ITo nepenucu nacenenus [Isemuu 1936 1. u3 coBoKyI-
HOCTH BCeX CYIpY2KeCKHX Iap ObliIa MoJydeHa BbIOOpKa B 25 263 maphl,
BcTynuBIux B Opak B Tedenme 1931-1936 rr. B cuemyromeit Tabiure
[IPUBE/IEHO DACIPEIEIeHIEe TOJOBBIX JI0X0A0B (B THIC. KPOH) U KOJIHIECTBO
Jereil y CynpysKeCcKHuX Iap B 3Toit BeIGOpKe (mammble B3aThl U3 [19]):

Tabauma 20.6

9UCII0 Jereit \ JOXObI 0-1 1-2 2-3 >3 | Cymma
0 2 161 3577 | 2184 | 1636 9 558

1 2 755 5081 | 2222 | 1052 11110

2 936 1753 640 306 3 635

3 225 419 96 38 778

>4 39 98 31 14 182

Cymma 6116 | 10928 | 5173 | 3016 25 263

Tpebyercss ycTaHOBATH C JOBEpPUTENbHOI BepoarHocThiO 1 — o = 0,95
SIBJISIFOTCSI JIM 3aBUCHMBIMH KoutraecTBo jiereif B cembe (CB X ) u ypoBeHb
rogoBoro noxona 3toii cempn (CB Y).

Pemenune. st npoBepku runoresst Hy o nesaBucumoctu CB X
u CB Y Bocmomp3yeMcs KpuTepumeM XU-KBaapaT. B maHHON 3amade
muoxecrso 3uadennii CB X (koummdecrso pereil B cembe) pasbusaercs
Ha 5 paspanoB Ag,, 1 = 1,5, ecrecTBenHEIM ob6pasom: 0, 1, 2, 3 u me
MmeHee 4-x zereif (cm. mepsbiit cronben Taba. 20.6). MuoxkecTBO 3HAMEHMH
CB Y (romoBoit moxojn cembn) pasburo Ha 4 paspama A, ;, j = 1,4,
KOTODBIE yKa3aHbl B nmepsoii crpoke tabm. 20.6). Beramcasis 3navenne z
(em. m. 20.4) no dopmye

_ > : nlzj 1
z=n Z Z E— — ,

i=1j=1

rae n = 25263, s =5, r = 4, uncna ng,;, ¢ = 1,5, NpuBeneHs B

nociaesHeM CcTonbme Tabaumbl, a 49uciIa Ny j, j = 1,4, nmpusenensl B
rnocjie el cTpoke Tabumiel, moayduM z = 568,5.

IIpu cupaBeggiuBocTu runore3sl Hy crarucruka 7 uMeeT pacipeje-
JIEHUe XU-KBaJIpaT ¢ IUCJIOM creneneii coboasl m = (s — 1)(r — 1) =4 X
x3 = 12. Torma kpurndeckas obmactb G mmeer Bug G = (7995(12),
+00) = (21, +00), a moepurembHas obaacte — G = [0, 21].

Tak KaK BbIYUCIIEHHOE 110 BbIOODKE 3HAYEHHE CTATUCTUKU I[1OHAJAET
B KpHuTHYecKyio obiacte G, 1o ¢ BeposTHOCTHIO 0,95 rHmoresa Hy o
Hezaucumoctn CB X (kommuectBo nereit B cembe) 1 CB Y (yposens
FOJIOBOTO JTOXO/a CEMbH) OTBEPraeTCsl.

Orser I'nmoresa Hy o HezaBucumoctu CB X (konmduectBo nereii B
cembe) u CB Y (ypoBeHb rojoBOro JOXOAa CEMbH) OTBEPraeTCA.
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Bamaua 20.6. B Tabsu. 20.7 npuBejseHbl JaHHbIE O PACIPEjIeJIEHUN
J0X00B (B THIC. KPOH) BCeX HPOMBINUIEHHBIX PabOYMX U CILy2KALIUX
Meenuw B 1930 . aua Bospacrabix rpynm 40-50 ser u 5060 et (nanmbe
B3aThl u3 [19]). Tpebyerca mposepuTh Ha yposHE moBepus 1 — a = 0,95
runoredy Hg o ToM, 9TO MOXOABI pabovMX U CIIYKAIIUX BO3PACTHON
rpynmet 40-50 et (CB X ) u moxombl pabovaux W CITy2KAIMAX BO3PACTHON
rpynnet 50-60 ner (CB Y') pacupesesenst onuHaKoso.

Tabauma 20.7

nmoxonpt \ Bospact | 40-50 mer | 5060 sjer
0-1 7 831 7 558

1-2 26 740 20 685

2-3 35572 24 186

34 20 009 12 280

4-6 11 527 6 776

> 6919 4 222
Cymma 108 598 75 707

Pemenne. na npoBepku rumore3nl Hy 00 onmHAKOBO# pacmpe-
nenersoct (ogaoponsoctr) CB X u CB Y npumeHum Kpurepuit xu-
kBajpar. B jaHHOM 3aj1aue Kosim4yecTBO cepuit ucubiranuit § = 2. Torua,
cormacHo npumepy 20.5 (cm. m. 20.5), 3HaYEHUE CTATHCTUKA KPUTEPUs
WMeeT BUJ

T
1 nj1 nj2 2
z=n-m —_— | =],
jzlnjl“"njz n m

rae n = 108 598, m = 75 707, Koqu4ecTBo pa3panoB 1 = 6, 9ucia n;;,
j = 1,6, upuBeseHbl BO BTOPOM CTOJIOLE TaOJIMIbL, 8 YUC/IA Njz, j = 1,6,
MIPUBEJIEHBI B TPETHEM CTOJIOIE TabJIHIIH.

IIpoBeas HEOOXOMMMBIE BHIYHUCIEeHHS, TOayduM z = 840,62.

[Ipu cnpaBegmuBocTu runoressl Hy crarmctuka Z wWMeeT pacipeje-
JIeHWE XU-KBAJ[PAT C IUCIOM CTenmenei cobompr m = (s — 1)(r—1) =1 x
X5 =25.

Torma kpurmueckas obiacte G umeer Bum G = (20,05(5), +00) =
= (11,1, +00), a goBepurenbhas obaacrb — G = [0, 11,1].

Tak Kak BBIYHUCIEHHOE 10 BBHIOOPKE 3HAYEHWE CTATUCTUKH MO AT
B KpuTHuecKyio obsacrs G, 1o ¢ BepositHOocThIO 0,95 rHnoresa Hy 06
opuopogsoctr CB X (1oxopl pabodnx u CIIy2KaluX BO3PACTHON IPYIIbL
40-50 ser) mw CB Y (moxompr pabounx m CIIy?KAIIUIX BO3PACTHON TDYIITIBL
50-60 ser) oTBepraeTcs.

Orser I'mnoresa Hy 06 omropomuoctn CB X (noxoapr pabounx u
cayKanmx BospactHoii rpymnnsl 40-50 set) u CB Y (moxomer pabodnx u
CILY2KaluX BO3pacTHOW rpynibl 50-60 jer) oTBepraercs.

13*
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§ 21. Bagaum A1 CAMOCTOSITEJIBHOTO PelleHns

1. Ilo pamabIM THTOBOI 3ama4un 20.3 TOCTPOUTH TUCTOTPDAMMY UHCIIA

CHApsJI0B, YHABIIUX HA y4acToOK Iioiaabio 0,25 KMZ.

2. Ilpexmomarasi, 9TO0 9HCIO CHAPSIOB, YIABIIUX HA y9IaCTOK ILJIO-
maypio 0,25 kM2 (cm. 3amagy 20.3), umeer pacupesenenue Ilyaccona c
HeH3BeCTHBIM mapaMeTpoM f, mocrpouts MII-omenky sToro mapamerpa.

3. Ilo pmammbiM THHOBOW 3ajaqdnm 16.2 HaWTH, yIATHIBas MOMPABKU
[Mlenmapma, BBIOOpOUHOE CpemHee U BHIOOPOYHYIO JUCIEPCUIO POCTA,
Bapocioro my>unssl (CB X ).

4. Ilo masHBIM TUMOBO# 3a/a4u 16.1 MOCTPOUTDH EHTPATBbHBIN JOBE-
puTesbHbI MHTEpBaJ ypoBHs JoBepus 1 — a = 0,99 s maremarude-
CKOTO OXKHJIaHWs CpelHell TeMueparypbl ssaBapg B I. Ausarbipe (CB Y).
[Ipeamomaraercs, aro CB Y mMeeT HOpMaJibHOE pacIpe/iesleHre.

5. Ilo gamHbBIM THNOBO# 3amadum 16.1 MOCTPOUTH IEHTPAJIbHBIR
JOBEpUTEJIbHBIN MHTEPBAJ YPOBHH JoBepust 1 —a = 0,95 g gucnepcun
cpeaneii Temieparypbl suBapg B . Amarsipe (CB Y'). Ilpeanonaraercs,
aro CB Y wumMmeer HOpMaJbHOE paclpeeseHue.

6. Ilo mamapIM THTIOBOI 33/a4m 16.1 TPOBEPUTH Ha YPOBHE JIOBEPUS
1 —a = 0,99 runoresy Hy, COCTOSAIIYyI0O B TOM, 9TO MAaTEMaTHIECKOE
OXKHUJIAHWE CPefHel TeMrmepaTyphl siHBaps B I. Asarbipe (CB Y') pasno
—11,87, T.e. aTo my = —11,87, TpoTHUB aJbTEpHATUBHOI TUMOTEe3bl H1
o ToM, 9T0 my # —11,87, upeanonaras, yro CB Y umeer HopmaJibHOE
pacmpe/iejieHne.

7. Ilo mamEBIM THTIOBOI 33a4nm 16.1 TPOBEPUTH HA YPOBHE JIOBEPHUSI
1 — a = 0,95 rumore3dy Hy, COCTOAMIYIO B TOM, YTO NHUCIEPCHS CpeIHen
Temieparypbl gusaps B . Anareipe (CB Y') pasna 20, T.e. o3 = 20,
IPOTHE aJIbTePHATHBHON rumoresbl Hi: of # 20, npeamonaras, 9To
CB Y wumeer HOpMaAJIbHOE PACIIPE/IC/ICHHE.

8. B Tabs. 21.1 npuBenensl pesysabrarhl ucnbiTanuit 200 jamm Ha
IPOJOIKUTENBHOCTD paborsl T [B dacax].
Tabauma 21.1

T [aac] 0-300 300-600 600-900 900-1200
YHUCIIO JIAMIT 53 41 30 22

T [aac] 1200-1500 | 1500-1800 | 1800-2100 | 2100-2400
GHUCIIO JIAMIT 16 12 9 7

T [aac] 2400-2700 | 2700-3000 | 3000-3300 > 3300
YHUCJIO JIAMIT 5 3 2 0
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I[Iycts CB X — mpomomKuTesbHOCTh paboThl Jiamiibl. VICTonb3yst Kpu-
Tepuil Xu-KBaJpar, nmpoBepuTh runoredy Hp o tom, yro CB X (pea-
JIM3aNUs CTATHCTHYIECKOTO PsAfia KOTOPOU TpHWBEIEHA B TAOJIWIE) MMEET
9KCIIOHEHITNAJIHHDBIN 3aKOH PACIpe/IeJIeHHs ¢ TIJIOTHOCTHIO PaCIIpe/IeJIeHIS
BepoaraocTn f(x) = 0e % nmpm x > 0. YpoBeHb AOBepHS NPUHATDH
paBubiM 1 —a = 0,95.

9. VYrTBepKIaeTCs, 9TO Pe3yJIbTaT AeUCTBUS JIEKAPCTBA 3aBHCHAT OT
cmocoba ero mpuMeHeHUs. lIpoBepbTe 3TO yTBepKIeHUE IO IJAHHBIM,
npeAcTaBjeHHBIM B Tabur. 21.2. YpoBeHb noBepusa NpuHATH paBHbIM 0,95.

Tabauma 21.2

pesysbrar \ cmoco6 npuvenernss | A | B | C

HeOJIarOIpUsATHBIN 11 | 17 | 16
6IarOIIPUSTHBIHN 20 | 23 | 19

10. B Ta6u. 21.3 npuBeleHB! JaHHBIE O PaCHpeIeseHHH JTOXOI0B (B
ThIC. KPOH) 3aBoJcKUX MacTepoB [IIsenun B 1930 1. 1i1 BOSpACTHBIX MPYIII
40-50 ser u 5060 ner (mammable B3aTH B3 [19]).

Tabunuma 21.3

nmoxonpr \ Bospact | 40-50 mer | 5060 ser
0-1 71 54
1-2 430 324
2-3 1072 894
34 1609 1 202
4-6 1178 903
>6 158 112

Tpebyercss mpoBepuTh Ha ypoBHe moBepus 0,95 rumoreldy o Tom, d9TO
JIOXOIBI 3aBOJICKMX MacTepoB Bo3pacTHOH rpymmnsr 40-50 et (CB X ) n
3aBOJICKMX MacTepoB BodpacTHoil rpynnsl 50-60 ser (CB Y') pacnpene-
JIEHBI OJIMHAKOBO. Y POBEHb 0Bepus NpuHATH paBHBIM 0,95. CpaBHure
[IOJIyYeHHbIN pe3ysbraT ¢ orBeToM 3aa4uu 20.6.

11. B pesynpraTe TPOBEIEHHOTO UCCIIEIOBAHUS OBLIO YCTAHOBJIEHO,
910 y 782 CBETJIOrIa3bIX OTIOB CHIHOBbSI TOXKE MMEIOT CBETJIbIE IJIa3a, a
y 89 cBeTyIOrIa3hIX OTIOB CHIHOBbS — TeMHOIJIa3bie. ¥ 50 TeMHOIIa3bIx
OTLOB CHIHOBbsi TaK»Ke TEeMHOIVIa3bie, & y 79 TEeMHOIJIA3bIX OTLOB ChIHO-
Bbsl — CBeTJIOrIa3ble. VIMeeTcs i 3aBUCHMOCTD MEXK/TY I[BETOM IJIa3 OTIOB
(CB X ) u nperom ruas nx cetaoseit (CB Y )? Yposenb nmoBepusi npuHATH
pasubiM 0,99,



